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a b s t r a c t

Stress fields of a lined non-circular tunnel subjected to in situ stress are derived based on the complex
variable method and on the assumption that the interface between the liner and surrounding rock is full-
slip. The basic equations for solving the stress solutions are obtained according to the stress boundary
condition along the inner boundary of the lining and the stress and normal displacement continuity
conditions along the rock-lining interface. In the solving process, the support delay is also considered.
The basic equations can be solved by the power series method, and the stresses in the surrounding rock
mass and lining can be calculated. The distributions of the tangential stresses (also known as the cir-
cumferential stresses) along the excavation boundary and the inner boundary of the lining and the
contact stresses along the rock-lining interface are analysed. An example demonstrates that the results
are significantly affected by the number of terms in the power series. When the number of terms is
greater than 100, the boundary conditions can be well satisfied, and the results of the stresses and
displacements are highly accurate. The tangential stress results along the inner boundary of the lining for
the full-slip condition are compared with those for the perfect bond condition, and the analysis indicates
that the maximum value of the tangential stress for the full-slip condition is smaller than that for the
perfect bond condition, which gives that the full-slip condition is superior to the perfect bond condition.
Thus, the carrying capacity of the lining can be increased if sliding materials are installed between the
lining and the surrounding rock mass. The analytic solutions are verified using computer simulation
software.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Underground tunnels are widely used in hydropower, traffic,
mining and military engineering. To ensure the safety of the tun-
nels, a concrete lining is applied in these tunnels. The complex
variable method developed by Muskhelishvili can be used to cal-
culate the stresses and displacements in the lining and in the
surrounding rock mass.[1] This technique is a highly accurate
analytical method and is particularly suitable for solving under-
ground tunnel problems.[2] Analytical method has been of high
interest for determining stress distribution within lining and sur-
rounding rock mass with high level of accuracy. Recent studies
have focused on problems with deep unlined tunnels.[3–6] How-
ever, the interaction between the support and the rock mass has
been rarely considered in most literatures.

Problems involving lined tunnels cannot be solved easily using

the complex variable method. Prior to 2014, only the plane strain
problem associated with a single circular tunnel with a ring lining
in an infinite domain had been studied in detail.[7–9] Two different
regions must be considered when the lining is included, which
increases the complexity of the problem.[10,11] Until 2014, the
stress and displacement solutions for a closed lined non-circular
tunnel were obtained using the Cauchy integration method.[11,12]

In the studies described above, the lining and surrounding rock
mass are assumed to have perfect bond contact, i.e., along the
rock-lining interface, the stresses and displacements in the normal
direction and the shear stresses and displacements in the tan-
gential direction are continuous. However, the contact between
the lining and rock cannot be expected to completely satisfy per-
fect bonding conditions because slippage occurs between the lin-
ing and rock. Additionally, the tangential displacements in the
lining and rock are also discontinuous because of the slippage.

In this paper, we utilise full-slip contact, i.e., along the interface,
the normal stresses and normal displacements are continuous, and
the shear stresses are continuous and equal to zero. However, the
tangential displacements can be discontinuous. The stress vectors
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and normal displacements along the interface satisfy the con-
tinuity conditions, but slippage can occur between the lining and
rock. The full-slip contact condition has been analysed in in-plane
and anti-plane problems involving a circular hole with two linings
composed of different materials.[13]

Some deformation occurs in the surrounding rock mass before
the lining is applied. We assume that this portion of the dis-
placement is given.[12] The stress–displacement solutions for a
non-circular tunnel with closed support under full-slip boundary
conditions can be obtained by the power series method.

Similar to the studies mentioned above, the following as-
sumptions are made: (1) the surrounding rock mass and lining and
the interaction between them behave in a linear elastic manner
under the in situ stresses; and (2) the tunnel is deep enough that
the case can be simplified as a plane strain problem in an infinite
domain (Fig. 1A).

2. Fundamental theories and equations

2.1. Analytical expressions of displacements in the surrounding rock
mass and lining

Because the non-circular tunnel is supported closely and the
surrounding rock mass and lining are perfect bond, the interaction
can be treated as a typically elastic contact problem. Assuming
that the tunnel is sufficiently deep, the problem of a monolithic
lining can be treated as a ring-shaped elastomer that is embedded
within an infinite domain. The stresses can be analysed using the
conformal transformation method of complex functions. The
transformation z ω ζ= ( ) is introduced here to transform the com-
plicated support across the section in the z plane (Fig. 1A) into a
simpler ring-shaped region in the ζ plane (Fig. 1B).[2,14] For sim-
plicity, we set the inner and outer radii to R0 (to be determined)
and 1, respectively. Let 1γ and 2γ denote the inner and outer circles,
respectively.

If the tunnel is unlined, the maximum displacements in the
surrounding rock mass, uR

1 and vR
1 , can be written as [2,12]

G u iv2
1

R R
1 1 1 1 1 1 1κ φ ζ ω ζ

ω ζ
φ ζ ψ ζ( + ) = ( ) − ( )

‵( )¯ ‵ ( )¯ − ( )¯
( )

where 3 41 1κ μ= − , G E / 2 11 1 1μ= [ ( + )]; E1 and 1μ are the Young's
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1 are the displacement components in the

x and y directions, respectively. Let uR
1ρ and uR

1θ denote the normal
and tangential displacement components, respectively, in ortho-
gonal curvilinear coordinates in the z plane. From Eq. (1), we

obtain [15,16]
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We apply the displacement components in orthogonal curvi-
linear coordinates rather than in rectangular coordinates con-
sidered in the literature.[11,12] In this way, the curvilinear co-
ordinate line overlaps with the contact boundary and the equa-
tions for full-slip case can be found.

The conformal mapping function ω ζ( ) and analytic functions

1φ ζ( ) and 1ψ ζ( ) in Eqs. (1) and (2) are given by the following
equations [2,12]:
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where λ is the lateral pressure coefficient and λ¼Q/P. The coeffi-
cients ck, ak, Sk and S 0′ in Eqs. (3)–(5) are real numbers if the tunnel
is symmetric about the x-axis.

If the support is installed when the displacement is η
( 0 1η≤ ≤ ) times the total displacement u iuR R

1 1+ρ θ , the displace-

ment that occurs before the support installation is u iuR R
1 1η( + )ρ θ . The

surrounding rock mass and lining interact with each other after
the lining is installed. The interaction will restrict the displace-
ment in the surrounding rock mass. This displacement reduced
due to the interaction u iuR R

2 2+ρ θ can be derived using the following
equation:
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where 2φ ζ( ) and 2ψ ζ( ) are the analytic functions in the surrounding
rock mass caused by the lining support. The power series of these
functions can be expressed as
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Fig. 1. (A) Lined non-circular tunnel under an initial stress field. (B) Ring-shaped region in the ζ plane.
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