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Abstract This paper deals with singularly perturbed boundary value problem for a linear second

order delay differential equation. It is known that the classical numerical methods are not satisfac-

tory when applied to solve singularly perturbed problems in delay differential equations. In this

paper we present an exponentially fitted finite difference scheme to overcome the drawbacks of

the corresponding classical counter parts. The stability of the scheme is investigated. The proposed

scheme is analyzed for convergence. Several linear singularly perturbed delay differential equations

have been solved and the numerical results are presented to support the theory.
� 2015 Production and hosting by Elsevier B.V. on behalf of Ain Shams University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Singular perturbation problems arise very frequently in fluid
dynamics, elasticity, aerodynamics, plasma dynamics, magneto
hydrodynamics, rarefied gas dynamics, oceanography and
other domains of the great world of fluid motion. An overview

of some existence and uniqueness results and applications of
singularly perturbed equations may be obtained from [1–4].

Various approaches to the design and analysis of approximate
numerical methods for singularly perturbed differential equa-

tions can be found in [5–8] and the references cited in them.
Delay differential equations arise widely in various applica-

tion fields and are also described in technical devices like con-

trol circuits. Nowadays the delay differential equations are
ubiquitous in various branches of bioscience and control
theory: ecology, chemostat systems, epidemiology, immunology,

compartmental studies, neutral network and the navigational
control of ships and aircraft (with respectively large and short
lags) and in more general control problems [9–21]. Any system
involving a feedback control will almost always involve time

delays. These arise because a finite time is required to sense
information and then to react to it. Delay differential equa-
tions are of the retarded type if the delay argument does not

occur in the highest order term. If we restrict this class in which
the highest order term is multiplied by a small parameter, then
we get singularly perturbed delay differential equations of
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retarded type. The numerical study of second order singularly
perturbed differential-difference equation with small shift or
delay has been given in [22–38] and references therein.

Amiraliyev and Cimen [39] have given an exponentially fit-
ted difference scheme on a uniform mesh for singularly per-
turbed boundary value problem for a linear second order

delay differential equation with a large delay in the reaction
term. Subburayan and Ramanujam [40] presented an initial
value technique to solve singularly perturbed boundary value

problem for the second order ordinary differential equations
of convection–diffusion type with a delay. They also developed
an asymptotic initial value technique to solve singularly per-
turbed boundary value problem for the second order ODE

with the discontinuous convection–diffusion coefficient term
[41].

In this paper we present an exponentially fitted finite differ-

ence scheme to solve singularly perturbed delay differential
equation of second order with a large delay. For many singular
perturbation problems a reduced problem is well defined and

known a priori. We used Runge–Kutta method to solve the
reduced problem. A condition at x ¼ 1 is obtained by approx-
imating the solution at x ¼ 1 by the solution of the reduced

problem at the same point. A fitting factor is introduced in a
finite difference scheme and is obtained from the theory of sin-
gular perturbations. The stability of the scheme is investigated.
The proposed scheme is analyzed for convergence. Several lin-

ear singularly perturbed delay differential equations have been
solved and the numerical results are presented to support the
theory.

2. Exponentially fitted finite difference method

To describe the method, we consider a singularly perturbed

boundary value problem for the delay differential equation
of the form:

�ey00ðxÞ þ aðxÞy0ðxÞ þ bðxÞyðx� 1Þ ¼ fðxÞ; x 2 ½0; 2� ð1Þ
subject to the interval and boundary conditions,

yðxÞ ¼ /ðxÞ; x 2 ½�1; 0�;
yð2Þ ¼ b;

ð2Þ

where 0 < e << 1 and aðxÞ P a > 0; h 6 bðxÞ < 0; aðxÞ; bðxÞ;
fðxÞ are given sufficiently smooth functions on [0,2], /ðxÞ is
smooth function on [�1,0] and b is a given constant which is
independent of e. For small values of e, the boundary value
problem (1) along with (2) exhibits a strong boundary layer

at x ¼ 2 (c.f. [12]).
The linear ordinary differential equation (1) cannot, in gen-

eral, be solved analytically because of the dependence of

aðxÞ; bðxÞ and fðxÞ on the spatial coordinate x. We divide the
interval [0,2] into 2N equal parts with constant mesh length
h. Let 0 ¼ x0; x1; . . . ; xN ¼ 1; xNþ1; xNþ2; . . . ; x2N ¼ 2 be the

mesh points. Then we have xi ¼ ih; i ¼ 0; 1; 2; . . . ; 2N. If we
consider, the interval ½xi�1; xiþ1� and the coefficients of Eq.
(1) are evaluated at the midpoint of each interval, then we will

obtain the differential equation

�ey00ðxÞ þ aiy
0ðxÞ ¼ fi � biyðxi � 1Þ; xi�1 < x < xiþ1: ð3Þ

The analytical solution of Eq. (3) is of the form

yðxÞ¼AiþBie
ai ðx�xi Þ

e þx�xi

ai
ðfi�biyðxi�1ÞÞ; xi�1 < x< xiþ1; ð4Þ

where Ai;Bi are arbitrary constants. We obtain the arbitrary

constants Ai and Bi using the conditions yðxi�1Þ ¼
yi�1; yðxiÞ ¼ yi; yðxiþ1Þ ¼ yiþ1.

From (4) we have,

yi�1 ¼ Ai þ Bie
�aih
e � h

ai
½ fi � biyðxi � 1Þ�; ð5Þ

yiþ1 ¼ Ai þ Bie
aih
e þ h

ai
½ fi � biyðxi � 1Þ� and ð6Þ

yi ¼ Ai þ Bi: ð7Þ
Now, we have

yiþ1 � 2yi þ yi�1 ¼ Bi e
aih
e � 2þ e

�aih
e

� �
:

Therefore,

Bi ¼ yiþ1 � 2yi þ yi�1

e
aih
e � 2þ e

�aih
e

: ð8Þ

Since, Ai ¼ yi � Bi, we have

Ai ¼
e
aih
e þ e

�aih
e

� �
yi � ðyiþ1 þ yi�1Þ

e
aih
e � 2þ e

�aih
e

: ð9Þ

Substituting (8) and (9) in (4), we get

yðxÞ ¼
e
aih
e þ e

�aih
e � 2e

aiðx�xiÞ
e

� �
yi þ e

aiðx�xiÞ
e � 1

� �
ðyiþ1 þ yi�1Þ

e
aih
e � 2þ e

�aih
e

þ ðx� xiÞ
ai

½fi � biyðxi � 1Þ�:
ð10Þ

From (10), we have

yðxi�1Þ ¼
e
aih
e þ e

�aih
e � 2e

�aih
e

� �
yi þ e

�aih
e � 1

� �
ðyiþ1 þ yi�1Þ

e
aih
e � 2þ e

�aih
e

� h

ai
½fi � biyðxi � 1Þ�;

yðxiþ1Þ ¼ ðeaihe þ e
�aih
e � 2e

aih
e Þyi þ ½eaih

e � 1�ðyiþ1 þ yi�1Þ
e
aih
e � 2þ e

�aih
e

þ h

ai
½fi � biyðxi � 1Þ�:

Therefore, we have

yðxiþ1Þ � yðxi�1Þ ¼ yiþ1 � 2yi þ yi�1

e
aih
e � 2þ e

�aih
e

e
aih
e � e

�aih
e

� �

þ 2h

ai
½fi � biyðxi � 1Þ�: ð11Þ

Now, to find the solution in [0,2], we consider the second order
finite difference scheme

�erðqÞ yðxiþ1Þ � 2yðxiÞ þ yðxi�1Þ
h2

� �

þ aðxiÞ yðxiþ1Þ � yðxi�1Þ
2h

� �

¼ fðxiÞ � bðxiÞyðxi � 1Þ þOðh2Þ; 1 6 i 6 2N� 1 ð12Þ
where rðqÞ is a fitting factor which is to be determined in such
a way that the solution of (12) converges uniformly to the solu-

tion of (1), (2) and q ¼ h
e.
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