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In this article, new extension of the generalized and improved homogeneous balance
method is proposed for constructing new structure of rich class of exact travelling wave solutions
of nonlinear evolution equations by using the Maple package. To demonstrate the novelty and
motivation of the proposed method, we implement it to the coupled nonlinear system of Schrodin-
ger equations. It is shown that the method provides a powerful mathematical tool for solving non-
linear evolution equations in mathematical physics.
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1. Introduction

The investigation of exact solutions of nonlinear equations
plays an important role in the study of nonlinear physical phe-
nomena. Searching for explicit solutions of nonlinear evolu-
tion equations by using various different methods is the
main goal for many researchers, and many powerful methods
to construct exact solutions of nonlinear evolution equations
have been established and developed such as same works [1—
17], the homogeneous balance method [18-19], the F-
expansion method [20] and same works [21-26]. One of impor-
tant methods is (G'/G) — expansion method. The main ideas of
the proposed method are that the travelling wave solutions of a
nonlinear evolution equation can be expressed by a polynomial
in (G'/G) where G = G(¢) satisfies a second order LODE (see
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[21]), the degree of the polynomial can be determined by con-
sidering the homogeneous balance between the highest order
derivatives and nonlinear terms appearing in a given nonlinear
evolution equation, and the coefficients of the polynomial can
be obtained by solving a set of algebraic equations resulted
from the process of using the proposed method. It will be seen
that more travelling wave solutions of many nonlinear evolu-
tion equations can be obtained by using the (G'/G) — expan-
sion method. It provides the generalized solitary solutions
and periodic solutions, as well. Taking advantage of the gener-
alized solitary solutions, we can recover some known solutions
obtained by existing methods.

In this paper we extend the homogeneous balance method
to a class of nonlinear evolution equations with imaginary
number and modulus. We consider the coupled (2 + 1) -
dimensional nonlinear system of Schrodinger equations as

{ iE, — Ey + E,, + |E'E — 2NE = 0,
NXX

1
— Ny, — (|E[),, =0, (1)
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where E(x,y,t) and N(x,y,t) are complex-valued functions.
Nonlinear partial differential equation systems of the type
given by (1) play an important role in atomic physics and
the functions E(x,y, ) and N(x,y,t) have different physical
meanings in different branches of physics. Well-known appli-
cations are, for instance, in fluid dynamics and plasma physics.
In the context of water waves, E(x,y, ) is the amplitude of a
surface wave packet while N(x,y, ) is the velocity potential
of the mean flow interacting with the surface waves. However,
in the hydrodynamic context, E(x,y, 1) is the envelope of the
wave packet and N(x,y,1) is the induced mean flow [27-29].
In addition, Eq. (1) are relevant in a number of different phys-
ical contexts, describing slow modulation effects of the com-
plex amplitude N(x,y,t), due to a small nonlinearity, on a
monochromatic wave in a dispersive medium.

2. Algorithm of the homogeneous balance method

For a given partial differential equation
G(u7 Uy Upy Uy Upgy ")7 (2)

our method mainly consists of four steps:

Step 1. We seek complex solutions of Eq. (2) as the follow-
ing form:
u=u(l), &=ik(x—ect), A3)
where k and ¢ are real constants. Under the transformation (3),
Eq. (2) becomes an ordinary differential equation
N(u, ikl , —iked , —k*u", .. ), (4)
— du

=
Step 2. We assume that the solution of Eq. (4) is of the form

where o/

u(@) =S ad' (@), ()
=0

where a;(i =1,2,...,n) are real constants to be determined

later and ¢ satisfy the Riccati equation

¢ = ad’ +bo+c (6)

Eq. (6) admits the following solutions:

Case 1: Let ¢ = >  hitanh'¢, Balancing ¢’ with ¢° in Eq.
(6) gives m =1 so
¢ = by + by tanh &, (7

Substituting Eq. (7) into Eq. (6), we obtain the following solu-
tion of Eq. (6)

1
d) = 7% ac = Z — 1. (8)
Case 2: When a = 1,b = 0, the Riccati Eq. (6) has the fol-
lowing solutions
¢ = —/—ctanh (v/=c¢),
=——, ¢<0 9
z )
¢ = Vetan (Vcg),
Case 3: We suppose that the Riccati Eq. (6) has the follow-
ing solutions of the form:

bZ
(b + 2tanh ¢), =

c<0

c>0.

¢ = Ao+ Zsinh’” (A;sinh @ + B;cosh w), (10)

i=1

% =sinh o or 42 = coshw. It is easy to find that m = 1

by balancing ¢’ with ¢*. So we choose
¢ = Ay + A sinh w + B; cosh w, (11)

where

where Z{f = sinh w, we substitute (11) and fl—‘;’ = sinh w, into (6)
and set the coefficients of sinh'w,cosh’w(i = 0,1,2;/0,1) to
zero. We obtain a set of algebraic equations and solving these
equations we have the following solutions

b 1
AO _Zy Al 07 Bl - Z (12)
where ¢ = ”24—;4 and

b 1 1
Ag=—5-, A=/, Bi=x 13

0 20, 1 2617 1 2a ( )

where ¢ = ”24;1. To “’14‘; = sinh w we have
sinhw = —csché, coshw = —coth¢ (14)

from (12)-(14), we obtain

b+ 2cothé
__Zte s 1
’ = (15)
where c:hi—;“and
_ b+Ecsché +cothé
" (16)
where c:bi—;l.

Step 3. Substituting (7)—(16) into (4) along with (6), then the
left hand side of Eq. (4) is converted into a polynomial in F(&);
equating each coefficient of the polynomial to zero yields a set
of algebraic equations.

Step 4. Solving the algebraic equations obtained in step 3,
and substituting the results into (5), then we obtain the exact
travelling wave solutions for Eq. (2).

Remark 1. If ¢ =0, then the Riccati Eq. (6) reduces to the
Bernoulli equation
¢’ =a¢® + b, (17)
The solution of the Bernoulli Eq. (17) can be written in the
following form [23]:
_ cosh[b(& + &)] + sinh[b(& + &))]
1 — acosh[b(& + &)] — asinh[b(E + &)]]’

where &, is integration constant.

¢ (18)

Remark 2. If 5 = 0, then the Riccati Eq. (6) reduces to the Ric-
cati equation

¢ =ad’ +c
the equation above is the special case of the Riccati Eq. (6).

Remark 3. Also, the Riccati Eq. (6) admits the following exact
solution [23]:
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