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Mixed type of integral equa-

We consider a mixed type of nonlinear integral equation (MNLIE) of the second kind in
the space C[0, 7] x L,(Q),T < 1. The Volterra integral terms (VITs) are considered in time with

tion; continuous kernels, while the Fredholm integral term (FIT) is considered in position with singular

Nonlinear algebraic system
(NLAS);

Logarithmic kernel;
Carleman kernel;

Toeplitz matrix

general kernel. Using the quadratic method and separation of variables method, we obtain a non-
linear system of Fredholm integral equations (NLSFIEs) with singular kernel. A Toeplitz matrix
method, in each case, is then used to obtain a nonlinear algebraic system. Numerical results are cal-
culated when the kernels take a logarithmic form or Carleman function. Moreover, the error esti-
mates, in each case, are then computed.

© 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Several numerical methods for approximation of the solution
of integral equations are known. For FIE, some different
methods for continuous kernels were introduced in [1], while
for discontinuous kernels, Toeplitz matrix method was pre-
sented in [2] and a collocation method was introduced in Brun-
ner [3]. In [4] Yalcinbas applied a Taylor polynomial solution
to VFIE. In [5], Diogo and Lima discussed the convergence of
spline collocation methods of IE. El-Borai et al. studied the
existence and uniqueness solution of NLIE with continuous
kernel in [6]. Maleknejad and Sohrabi, in [7], used Legendre
polynomials to solve MNLIE. In [8], Matar discussed the frac-
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tional semi linear mixed integro-differential equation with con-
tinuous kernel in position. Razlighi and Soltanalizadeh used
product integration method for solving system of VIE in [9].
Zhao et al. in [10] used collocation methods for fractional inte-
gro-differential equations with weakly singular kernel. Many
different cases for the IE in linear and nonlinear, with singular
kernel are discussed in Abdou et al. [11-13].
Consider the NLMIE in the form

(b, 1)) — / t / F(t, k(g(x) — g0)) (v, D)y
—/l/ol V(t,t)p(x,t)dv = flx,1). (1.1)

Here, F(z,7) and V(z,1) are two kernels of continuous func-
tions in time, while k(]g(x) — g(»)|) is discontinuous kernel
in position considered to be singular. The constant u defines
the kind of the integral equation, while 4 is a numerical param-
eter that has a physical meaning. f(x, 7) is the free term. Q is the
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domain of the integration and y(¢(x, ¢)) is the nonlinear func-
tion of the unknown function ¢(x,7) in L,(Q) x C[0,7],T < 1.

In order to guarantee the existence of a unique solution of
Eq. (1.1), we assume the following conditions:

(i) The kernel k(|g(x)

[

(i) The kernels of VI terms F(z,7) and V(z,1) satisfy

—g()|) satisfies

)|)dxdy =c¢, cisa constant.

|F(IaT)‘<M1 VZ,TG[O,T],

|[V(t,7)| < My, (M, and M, are constants).

(iii)) The free term f'(x,¢) and its partial derivatives are con-
tinuous in the space L,(2) x C[0, T] where

Ifx, 0| = max {/Q I (x, t)|dx} "=L,L isa constant.

(iv) The known function y(¢(x,

[P(d1(x, ) = 2(a(x, 1)) < €l (x, 1)) —

t)) satisfies

¢2(X7 Z)‘

while the unknown function ¢(x, ¢) satisfies Lipchitz condition
for the first argument and Holder condition for the second
argument.

This paper is divided into 5 sections. Section 2, contains
two subsections to obtain an NLSFIE from (1.1) using two
known methods quadrature and separation methods. Section 3,
Toeplitz matrix method is used to get a NLAS. In Section 4,
numerical results and estimated errors are computed using pre-
vious methods in different examples. In Section 5, general con-
clusions are deduced.

2. System of Fredholm integral equations

2.1. Quadratic numerical method, see [1]

For representing Eq. (1.1) as a NLSFIE, we divide the time

interval [0,T] in the form
O=tfh<h<bh<..<t;=T.

Let t =t in Eq. (1.1), we get

@) =4 [ [ Aok - el v
0 Q
"y / " Vit D) (x, ) = flx, 1). (2.2)
0
Applying quadrature rule, the formula (2.2) reduces to
NLSFIE
1
i) [ Fukletx) - e )y
—0 v/ Q
2
— 1Y Vi (x) = £()- (2.3)
=0

Then, we obtain

h
(8,(3) — 2 F, ,”/k\g WD)y — A2 Vi ()
i1—1
X) +}LZWJ-F,-”/k lg(x) o (y)dy
=0
i1
+ A uVi (). (2.4)
J=0
which can be written as
~ i [ (e = 2Oy = 275 Vi)
- H( ) + ElH El deE/ll ) Elh (25)
i,y
where
i—1 .
0+ 23 wiFiy [ K(e(o) ~ ) )y
=0 Q
-1
+ A Vi (%) (2.6)
J=0
and
Ah
),,‘ = 71 ir,ie (27)
Here, we used the following notations:
¢,»(X) = ¢(X, [f)’ FI}/' = F(ll'7 l./')? Vl',/' = V(ll'v Z/')?
f;(x) :f(x7ll)’i:0717"’717 Ogjgi'

2.2. Separation of variables

Here, directly we consider the method of separation of vari-
ables that has large applications in mechanics of continuous
media, see [14], For this, let

o(x, 1) = ¢,(X)0", flx,0) =f,1", 1€][0,T],
T<1, n=12,...,N. (2.8)
In general, the above assumption may be failed in other science

but in continuum mechanics is good to solve the problem
directly. The nonlinear term in this case, takes

§9(6,0) = F(5,0), p =20 =3, (29)
Hence, Eq. (1.1) becomes
el
= it [ K(e) = ), )y
— 2" B(m + 1,n+ 1), (x) = f,(x)1". (2.10)
where, we assume
F(t,7) =", V(t,7)=(t—1)". (2.11)

This is a system with NLFIE that can be solved by any suit-
able method.

3. Toeplitz matrix method, see |2]

In this section, we adapt and apply the TMM to obtain the
numerical solution of Eq. (2.5). For this, taking Q = [—a, 4],
then the FIT becomes
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