Alexandria Engineering Journal (2016) 55, 2855-2862

HOSTED BY

2, N

Alexandria University

Alexandria Engineering Journal

www.elsevier.com/locate/aej
www.sciencedirect.com

ORIGINAL ARTICLE

Chaikin’s perturbation subdivision scheme

in non-stationary forms

@ CrossMark

Wardat us Salam ™, Shahid S. Siddiqi ", Kashif Rehan©

& Department of Mathematics, University of the Punjab, Quaid-e-Azam Campus, Lahore 54590, Pakistan
® Abdus Salam School of Mathematical Sciences, GC University, Lahore, Pakistan
¢ Department of Mathematics, University of Engineering and Technology, KSK Campus, Lahore, Pakistan

Received 31 March 2016; revised 3 July 2016; accepted 11 July 2016

Available online 30 July 2016

KEYWORDS Abstract

Binary subdivision schemes;
Non-stationary scheme;
Approximating;

Curvature

In this paper two non-stationary forms of Chaikin’s perturbation subdivision scheme,
mentioned in Dyn et al. (2004), have been proposed with tension parameter . Comparison among
the proposed subdivision schemes and the existing non-stationary subdivision scheme depicts that
the trigonometric form is more efficient in the reproduction of circles and ellipses and the hyperbolic
form is more suitable for the construction of many analytical curves.
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1. Introduction

Subdivision schemes ascend from modeling and interrogation
of curves and surfaces, image reconstruction and decomposi-
tion, and the construction problems of compact supported
wavelet. These schemes are being developed in geometric mod-
eling with great potentiality in computer graphics, CAM/CAD
and image processing. Subdivision schemes are widely used in
garment CAD, jewelry CAD and computer graphics industry.
These schemes are also important in fractal generation by
computer particularly [2,3]. Subdivision schemes are used to
construct the required curves and surfaces from scattered data
directly through stated subdivision rules. Mask of the subdivi-
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sion schemes is simply averaging rules corresponding to odd
and even subsequences of finitely supported sequence of real
numbers. In case of level dependent subdivision schemes
[4-9] mask varies from one level to another; generally, it allows
to generate larger variety of limiting curves having several use-
ful properties e.g. reproduction of conics and spirals etc. New
methods of convergence of non-stationary schemes have been
introduced in [18,19]. In [18] asymptotic similarity has been
used instead of asymptotic equivalence. In [19] spectral radius
approach has been used along with the asymptotic similarity
for convergence. Different properties of the non-stationary
subdivision schemes e.g. approximation order and reproduc-
tion properties have been analyzed in [20-23].

Some numerical schemes have been presented by P. Das
and S. Natesan to solve singularly perturbed reaction diffusion
differential equations in [15-17].

In this paper, Chaikin’s perturbation subdivision scheme [1]
has been presented in trigonometric and hyperbolic forms with
the abilities to reproduce conic-sections and many analytical
curves.
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The following basic results of the non-stationary subdivision
schemes are considered to prove the convergence/ smoothness
of the proposed non-stationary subdivision schemes.

Deﬁnition 1.1. Given a set of initial control points
A . .

={p e Rd}(+ ;- a binary subdivision scheme generates

new set of control points P" = {p! }[,Z:kf atleveln(n = 0,k € Z)

by the subdivision rule

n+1 ]
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where the set of coefficients o = {a",i€ Z} in above
equation is termed as the mask of the subdivision scheme at
n subdivision step. The Laurent polynomial associated with
the non-stationary subdivision scheme {S,} having mask

Za(”> i >
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a™ is

Definition 1.2 [10]. A binary subdivision scheme {S,.} is said
to be C" if for every initial data p° = {p? : i € Z} there exists
a limit function f'€ C" such that for any closed interval

=la,b] C R,
lim max 27" = 0.
fim mas I (270

Obviously f = $*p° # 0 for some initial data p® and also p! are
the control points at level 7.

Definition 1.3 [10]. Two binary subdivision schemes {S,.} and
{Sy} are asymptotically equivalent if

.
> NSu = Syl < o0,
n=1

where [[Sa ||, = max{2162|a21 l, Zt62|a21+]|}

Theorem 1.1 [11]. Let {Sx} and {S,} be the two asymptotically
equivalent subdivision schemes having finite masks of the same
support. Suppose {Syx} is a level dependent subdivision scheme
and {S,} is a stationary subdivision scheme. If {S,} is C" and

0
sznnsan _ Sa” < 0,

n=0
then the non-stationary subdivision scheme {Sy} is C".

The organization of paper is as follows. In Section 2, Chai-
kin’s perturbation (binary four point approximating) subdivi-
sion scheme has been recalled. In Section 3, the trigonometric
and hyperbolic forms of Chaikin’s perturbation subdivision
scheme have been presented. Convergence analysis of the pro-
posed schemes has also been discussed in Section 3. The nor-
malization of the proposed schemes has been given in
Section 4 as these schemes do not observe the affine invariance
property. In Section 5, some properties of the proposed
schemes have been discussed. Graphical behavior of the pro-
posed schemes has been exhibited along with their comparison
in Section 6.

2. Chaikin’s perturbation subdivision scheme

Given a set of control points f* = {fio},.EZ at level 0, Chaikin’s
perturbation subdivision scheme [1] generates a new set of con-
trol points {f"},., at the level n 4 1 by applying the following
subdivision rules:

{‘ = Tefl + G 0)f + (G4 30)f - Sofl,
i = =Sofy + (34 30)f + G+ 90)fi, — Tofl,,

with @ =0 corresponds to the Chaikin’s scheme [12]. The
scheme gives C'— continuous limit curves for w =0 and

(1)

C?— continuous limit curves for 0 < m < %

3. Non-stationary schemes for uniform trigonometric and
hyperbolic spline curves

In this section, trigonometric and hyperbolic forms of Chai-
kin’s perturbation subdivision scheme [1] have been presented.

3.1. Trigonometric form

The four point non-stationary subdivision scheme is

{ 2= B B B+ B, o)
. 2,;11 =B+ B+ B+ Bofiias
where
= —Tw,
s(3%)
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s(352)
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? s(37)
:le = —5607
where s(7) = sin(¢) and ¢() = cos().
3.2. Hyperbolic form
The four point non-stationary subdivision scheme is
s =T T A+ 3
. 2711 = V3fi—1 + /sz + Vlfm + Vofi+2»
where
“/8 = —760,
/(3o
(2h+2)
,‘H 9
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Yy = 3
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where §'(¢) = sinh(¢) and ¢/(¢) = cosh(z).
3.3. Continuity analysis

Asymptotic equivalence is needed to be established for conti-
nuity analysis.
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