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a b s t r a c t

Crack tip stress and displacement fields for a propagating crack at constant velocity along a gradient in
orthotropic functionally graded materials (OFGMs) with an exponential variation of the shear modulus
and density are developed. The crack tip fields are obtained by using wave potentials and the Airy stress
function through an asymptotic analysis. Solutions are obtained for orthotropic characteristics of two
kinds. Using the stress fields, the effects of material nonhomogeneity on the stress components are
investigated. In addition, contours of the constant maximum shear stress at a propagating crack tip are
generated and the effects of material nonhomogeneity on the isochromatics are discussed.

© 2015 Published by Elsevier Ltd.

1. Introduction

In light of the recent development of various functionally graded
materials (FGMs), it is important to evaluate the their integrity.
Thus, many researchers have studied the fracture behavior of
nonhomogeneous materials. Despite theoretical, numerical and
experimental works having been conducted on the static or prop-
agating cracks in FGMs, the dynamic fractures of orthotropic FGMs
(OFGMs) have rarely been studied. Specially, the study on propa-
gating crack tip fields has not been reported.

The behaviors of propagating cracks in FGMs have attracted
much research attention. Propagating cracks in FGMs were first
studied by Atkinson and List [1,2], Since then, several groups [3e5]
have investigated the behavior of cracks in FGMs. Jiang and Wang
[6] developed the opening and sliding displacements for a propa-
gating crack in an FGM in which the properties were assumed to
vary exponentially perpendicular to the crack propagation direc-
tion. Meguid et al. [7] performed a theoretical analysis of a finite
crack propagating in an infinite inhomogeneous medium. Ma et al.
[8] analyzed crack propagation in a functionally graded strip under
plane loading. Lee et al. [9] developed nonhomogeneity-specific

terms for stress and displacement fields by using displacement
potentials under thermo-mechanical loading. Lee [10] developed
the crack tip fields for a propagating crack in FGMs with property
variation angled to the crack direction by using displacement po-
tentials. Lee [11] also developed a transiently propagating crack in
FGMs under a mixed mode. These crack tip solutions of Lee were
obtained by transforming the general partial differential equations
of the dynamic equilibrium into Laplace's equations whose solu-
tions have harmonic functions. Thus, the fields can be expressed
very simply. In experimental studies on FGMs, Orat and Lambros
[12] studied the fracture at crack initiation under the mixed mode
state. Tilbrook et al. [13] studied the influence on crack propagation
trajectory with Moire interferometry in FGM under mode I loading.
Yao et al. [14] studied the fracture with caustic experiment when a
crack propagates along the elastic gradient in an FGM under mode I
loading. Liu et al. [15] presented the numerical results in buckling
failure analysis of cracked FGM under uniaxial and biaxial
compression loads.

In all these studies, fracture analysis was conducted on cracks in
FGMs. With regard to crack in OFGMs, for static crack, Amada and
Untao [16] studied fracture properties of bamboo which is natural
OFGM. Dag et al. [17] performed static fracture analysis of OFGMs
numerically under mechanical and thermal loading, and Chali-
vendra [18] obtained static fields by asymptotic analysis with the
Wastergaard stress function. Bayesteh and Mohammadi [19]* Tel.: þ82 54 530 1404.

E-mail address: khl@knu.ac.kr.

Contents lists available at ScienceDirect

Composites Part B

journal homepage: www.elsevier .com/locate/compositesb

http://dx.doi.org/10.1016/j.compositesb.2015.08.068
1359-8368/© 2015 Published by Elsevier Ltd.

Composites Part B 84 (2016) 83e97

mailto:khl@knu.ac.kr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compositesb.2015.08.068&domain=pdf
www.sciencedirect.com/science/journal/13598368
www.elsevier.com/locate/compositesb
http://dx.doi.org/10.1016/j.compositesb.2015.08.068
http://dx.doi.org/10.1016/j.compositesb.2015.08.068
http://dx.doi.org/10.1016/j.compositesb.2015.08.068


performed static fracture analysis of OFGMs using the extended
finite element method (XFEM). Wang et al. [20] obtained elasticity
solutions for orthotropic functionally graded curved beam. For
propagating crack, Ma et al. [21] studied the stress intensity factors
for a moving Griffith crack (Yoffe type crack) in OFGMs inwhich the
properties were assumed to vary exponentially perpendicular to
the crack propagation direction. Lee et al. [22] analyzed the stress
and displacement fields for a propagating mode III crack tip in
OFGMs. However, the stress and displacement fields at propagating
mode I and II crack tip in OFGMs have not yet been reported. Such
stress and displacement fields are required in the analysis of full
field experimental data obtained through techniques such as
photoelasticity and caustics or in the analysis of numerical data as
finite element method and boundary element method.

Thus, the present study develops the stress and displacement
fields for a crack propagating at uniform speed along the direction
of property variation in an FGM under inplane loading. The shear
modulus and density of the FGM are assumed to vary exponentially
along the gradation direction. The elastodynamic problem for
OFGMs is formulated in terms of displacement potentials and the
solution is obtained through an asymptotic analysis. The effects of
material nonhomogeneity on stress components are studied using
the stress fields developed in this study. Furthermore, the effects of
material nonhomogeneity on the isochromatics for a propagating
crack in FGMs are discussed.

2. Stress and displacement fields for OFGMs

2.1. Formulation of dilatational and shear wave potentials

The orthotropic elastic constants Cij and density r of an OFGM
under a constant Poisson's ratio n are assumed to vary exponen-
tially as given in Eq. (1).

Cij ¼ Co
ij expðzХ Þ; r ¼ ro expðzdХ Þ (1)

where Co
ij and ro are material constants and the density at X ¼ 0

respectively. 2 and zdare the nonhomogeneity parameters of shear
modulus and density respectively. When the angle (a) between the
elastic principal (reinforcement) direction and the crack direction is
a ¼ 0� or a ¼ 90� as shown in Fig. 1, the relationship between
stresses and strains can be written as
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where sij and εij are the inplane stress and strain components
respectively. Co

ij values differ according to the plane stress and plane

strain states. If as 0� or as 90�, the physical property at the crack
tip is an anisotropic state and C16 and C26 are present in the inplane.

The displacements u and v that are derived from the dilatational
and shear wave potentials F and J can be expressed by Eq. (3)
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The equilibrium in the dynamic state is given by Eq. (4)
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Substituting of Eqs. (1) and (2) into Eq. (3), and Eq. (3) into
Eq. (4), the equations for the dynamic state can be obtained as
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For a propagating crack along Xeaxis in fixed coordinates (X,Y),
the transformed crack tip coordinates (x,y) are x ¼ X � ct, y ¼ Y,
where c is a constant crack tip speed and t is time. When a complex
variable is given as z ¼ x þ my, wherem is a dependant variable on
physical properties, nonhomogeneity and crack speed, Eq. (5)
around the crack tip can be expressed as

a1ðmÞ v
3FðzÞ
vz3

þ b1ðmÞ v
3JðzÞ
vz3

þ 2

"�
Co
11 þ Co

12m
2
� v2F
vz2

þm
�
Co
11 � Co

12
	 v2J
vz2

#
¼ 0

(6-a)

a2ðmÞ v
3FðzÞ
vz3

þ b2ðmÞ v
3JðzÞ
vz3

þ 2

"
2mCo

66
v2F

vz2

þ Co
66

�
m2 � 1

� v2J
vz2

#
¼ 0

(6-b)
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Fig. 1. Stress components at crack tip in OFGM.
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