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a b s t r a c t

A string of partial results—aimed at shedding light on the behavior of dielectric elastomer
composites—have been recently reported in the literature for the macroscopic electroelas-
tic response and stability of layered composites with ideal elastic dielectric phases. Such
results have been restricted to two phases and plane-strain loading conditions. It is the
purpose of this paper to place on record simple explicit expressions for the macroscopic
electroelastic response and stability of layered composites with any number of ideal elastic
dielectric phases under general electromechanical loading conditions. Inter alia, these
expressions provide insight into a variety of practical and theoretical issues in relation to
the modeling of elastic dielectric composites with anisotropic microstructures, ranging
from the choice of invariants to describe their free energy function to the effects of inter-
phasial phenomena.

This paper also places on record the conditions of ordinary and strong ellipticity for elas-
tic dielectrics in full generality.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Over the last decade, a number of experiments have demonstrated that dielectric elastomer composites—comprising, in
essence, a mechanically soft matrix of low permittivity filled with high-permittivity inclusions—hold great potential to
enable a broad range of new technologies (see, e.g., Huang, Zhang, Li, & Rabeony, 2005; Zhang et al., 2007). To aid in the
microscopic understanding of this class of emerging materials, various theoretical results have been recently reported in
the literature for the macroscopic electroelastic response and stability of layered composites with ideal elastic dielectric
phases (see, e.g., Bertoldi & Gei, 2011; deBotton, Tevet-Deree, & Socolsky, 2007; Rudykh & deBotton, 2011; Tian, Tevet-Deree,
deBotton, & Bhattacharya, 2012). All such results have been restricted to two phases and plane-strain loading conditions.

The purpose of this paper is to place on record simple explicit expressions for the macroscopic electroelastic response and
stability of layered composites with any number of ideal elastic dielectric phases under general electromechanical loading
conditions. The stability results presented here pertain exclusively to ‘‘macroscopic’’ stability results,1 as characterized by the
loss of strong ellipticity of the free energy function of the composites. In this connection, this paper also places on record the
conditions of ordinary and strong ellipticity for elastic dielectrics in full generality.
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1 For completeness, a brief discussion is also included on other types of instabilities, such as ‘‘microscopic’’ instabilities, cavitation, debonding, and electric
breakdown.
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The paper is organized as follows. Section 2 formulates the electroelastostatics problem defining the macroscopic re-
sponse of layered composites with any number of elastic dielectric phases under arbitrarily large electromechanical loads.
Section 3 presents the conditions of ordinary and strong ellipticity for elastic dielectrics; the derivation of these conditions is
deferred to Appendix A. In Section 4, the generic problem formulated in Section 2 is specialized and solved explicitly for the
specific case of layered composites with ideal elastic dielectric phases. The specialization of the ellipticity conditions of Sec-
tion 3 to such layered composites is worked out in Section 5. This section also includes the resulting criticality condition that
defines the electromechanical loads at which macroscopic instabilities ensue. Section 6 provides a summary of the results
generated in Sections 4 and 5 in terms of the electric field as the independent electric variable, instead of the electric dis-
placement field. Finally, Section 7 provides several remarks on practical and theoretical implications of the main results
of this paper.

2. Macroscopic response of elastic dielectric layered composites

2.1. Microscopic description of elastic dielectric layered composites

Consider a composite material made up of perfectly bonded layers of an arbitrarily large number M of different phases
with initial layering (or lamination) direction N. The domain occupied by the entire composite in its ground state is denoted

by X0 and its boundary by @X0. Similarly, XðrÞ0 ðr ¼ 1;2; . . . ;MÞ denote the domains occupied collectively by the individual

phases so that X0 ¼ Xð1Þ0 [Xð2Þ0 [ � � � [XðMÞ0 and their respective initial volume fractions are given by cðrÞ0 ¼
: jXðrÞ0 j=jX0j. We as-

sume that the distribution of the phases is statistically uniform, the thicknesses of the layers are much smaller than the size
of X0, and, for convenience, choose units of length so that X0 has unit volume.

Upon the application of mechanical and electrical stimuli, the initial position vector X of a material point in X0 moves to a
new position specified by x ¼ vðXÞ, where v is a one-to-one mapping from X0 to the deformed configuration X. We assume
that v is twice continuously differentiable, except possibly on the layer-to-layer interfaces. The associated deformation gra-
dient is denoted by F ¼ Gradv and its determinant by J ¼ det F.

All M phases in the composite are elastic dielectrics. We find it convenient to characterize their constitutive behaviors in a
Lagrangian formulation by ‘‘total’’ free energies W ðrÞ (suitably amended to include contributions from the Maxwell stress)
per unit undeformed volume, as introduced by Dorfmann and Ogden (2005). For clarity of presentation, we make use of
the deformation gradient F and Lagrangian electric displacement field D as the independent variables up until Section 6,
where, for completeness, we provide a summary of the results in terms of F and the Lagrangian electric field E. Thus, taking
F and D as the independent variables, the first Piola–Kirchhoff stress tensor S and Lagrangian electric field E are simply given
by

S ¼ @W
@F
ðX;F;DÞ and E ¼ @W

@D
ðX;F;DÞ; ð1Þ

where

WðX;F;DÞ ¼
XM

r¼1

hðrÞ0 ðXÞW
ðrÞ ðF;DÞ ð2Þ

with hðrÞ0 ðXÞ denoting the characteristic function of the regions occupied by phase r : hðrÞ0 ðXÞ ¼ 1 if X 2 XðrÞ0 and zero otherwise.
Note that the total Cauchy stress, Eulerian electric field, and polarization (per unit deformed volume) fields are in turn given
by T ¼ J�1SFT ; e ¼ F�T E, and p ¼ J�1FD� e0e, where e0 stands for the permittivity of vacuum.

2.2. The macroscopic response

In view of the assumed separation of length scales and statistical uniformity of the microstructure, the above-defined
elastic dielectric layered composite—though microscopically heterogeneous—is expected to behave macroscopically as a
‘‘homogenous’’ material. Following Hill (1972), its macroscopic or overall response is defined as the relation between the
volume averages of the first Piola–Kirchhoff stress S and electric field E and the volume averages of the deformation gradient
F and electric displacement D over the undeformed configuration X0 under affine boundary conditions. Consistent with our
choice of F and D as the independent variables, we consider the following boundary conditions

x ¼ FX and D � n ¼ D � n on @X0; ð3Þ

where the second-order tensor F and vector D stand for prescribed boundary data, and where n is the outward normal to @X0.
Granted relations (3), the divergence theorem warrants that

R
X0

FðXÞdX ¼ F and
R

X0
DðXÞdX ¼ D and hence the derivation of

the macroscopic response reduces to finding the average stress S¼:
R

X0
SðXÞdX and average electric field E¼:

R
X0

EðXÞdX. In

direct analogy with the purely mechanical problem, the result can be expediently written as
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