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Abstract The purpose of this present effort is to define a new fractional differential operator Tb;s;c
z ,

involving Srivastava–Owa fractional derivative operator. Further, we investigate some geometric

properties such as univalency, starlikeness, convexity for their normalization, we also study bound-

edness and compactness of analytic and univalent functions on weighted l-Bloch space for this

operator. The method in this study is based on the generalized hypergeometric function.
� 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The study of fractional operators (integral and differential)

plays a vital and essential role in mathematical analysis.
Recently, there is a flurry of activity to define generalized dif-
ferential operators and study their basic properties in a loosely

defined area of holomorphic analytic functions in open unit
disk. Many authors generalized fractional differential opera-
tors on well known classes of analytic and univalent functions

to discover and modify new classes and to investigate multi
various interesting properties of new classes, for example (see

Kiryakova et al., 1998; Dziok and Srivastava, 1999;
Srivastava, 2007; Kiryakova, 2010).

Let A denote the class of functions fðzÞ of the form:

fðzÞ ¼ zþ
X1
j¼2

ajz
j ð1:1Þ

which are analytic functions in the open unit disk

U :¼ z 2 C : jzj < 1f g and normalized by fð0Þ ¼
1� f 0ð0Þ ¼ 0, and let S be the subclass of the A of the univa-
lent functions in U. Further, a function fðzÞ 2 S is said to be

starlike and convex of order k ð0 6 k < 1Þ, if and only if

R
zf 0ðzÞ
fðzÞ

� �
> k and R

zf 00ðzÞ
f 0ðzÞ þ 1

� �
> k;

respectively, these subclasses of S are denoted by S� and K.
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Theorem 1.1 (Bieberbach’s Conjecture). If the function fðzÞ
defined by (1.1) is in the class S� then jajj 6 j for all j P 2 and
if it is in the class K then jajj 6 1 for all j P 2 (Duren, 1983).

For fðzÞ given by (1.1) and gðzÞ ¼ zþP1
j¼2bjz

j, the convo-

lution (or Hadamard product) f � g is defined by

f � gðzÞ ¼ zþ
X1
j¼2

ajbjz
j: ð1:2Þ

The operator Ob;s
z is defined in terms of Riemann–Liouville

fractional differential operator Db�s
z as

Ob;s
z fðzÞ ¼ CðsÞ

CðbÞ z
1�sDb�s

z zb�1fðzÞ z 2 U: ð1:3Þ

This operator is given by Tremblay (1974). Recently,

Ibrahim and Jahangiri (2014) extended Tremblay’s operator
in terms of Srivastava–Owa fractional derivative of fðzÞ of
order ðb� sÞ and is defined as follows

Tb;s
z fðzÞ ¼ CðsÞ

CðbÞ z
1�sDb�s

z zb�1fðzÞ ð1:4Þ

Often, the generalized fractional differential operators and

their applications associated with special functions, Dziok
and Srivastava (1999), defined a linear operator as a Hada-
mard product with an arbitrary pFq-function p 6 qþ 1, several

authors interested Dziok–Srivastava operator as well as Sri-
vastava–Wright operator, which is defined and investigated

by Srivastava (2007). Recently Kiryakova (2011), considered
those operators and studied their criteria univalence properties
in the class A.

Definition 1.1. The Fox–Wright pWq generalization of the

hypergeometric pFq function is defined as:

pWq½z� ¼ pWq

ðaj;AjÞ1;p
ðbj;BjÞ1;q

�����z
" #

¼
X1
j¼0

Pp
j¼1Cðaj þ jAjÞ

Pq
j¼1Cðbj þ jBjÞð1Þj

zj;

ð1:5Þ
where aj; bj are parameters in complex plane C.

Aj > 0; Bj > 0 for all j ¼ 1; . . . ; q and j ¼ 1; . . . ; p, such that

0 6 1þPq
j¼1Bj �

Pp
j¼1Ai for fitting values jzj < 1 and it is well

know that

pWq

ðaj; 1Þ1;p
ðbj; 1Þ1;q

�����z
" #

¼ D�1
pFqðaj; bj; zÞ; with D ¼ Pq

j¼1CðbjÞ
Pp

j¼1CðajÞ
ð1:6Þ

where pFq is the generalized hypergeometric function and

ðvÞj ¼ Cðvþ jÞ=CðvÞ is the Pochhammer symbol (see Kilbas

et al., 2006).

Remark 1.1. By usage the Hadamard product technique,
Srivastava (2007) provided families of analytic and univalent
functions associated with the Fox–Wright generalized hyperge-

ometric functions pWq in the open unit disk U.

In the present paper the new generalized fractional differen-

tial operator Tb;s;c
z of analytic function is defined. Also, the uni-

valence properties of the normalization generalized operator

are investigated and proved. Further, the boundedness and
compactness of this operator are studied.

2. Background and results

In this section, we consider the generalized type fractional dif-
ferential operator and then we determine the generalized frac-

tional differential of some special functions. For this main
purpose, we begin by recalling the Srivastava–Owa fractional
derivative operators of fðzÞ of order b defined by

Db
z fðzÞ :¼

1

Cð1� bÞ
d

dz

Z z

0

fðfÞðz� fÞ�b
df; ð2:1Þ

where 0 6 b < 1, and the function fðzÞ is analytic in simply-

connected region of the complex z-plane containing the origin

and the multiplicity of ðz� fÞ�b
is removed by requiring

logðz� fÞ to be real when ðz� fÞ > 0 (see Owa, 1978; Owa
and Srivastava, 1987). Then under the conditions of the above

definition the Srivastava–Owa fractional derivative of fðzÞ ¼ zj

is defined by

Db
z zjf g ¼ Cðjþ 1Þ

Cðj� qþ 1Þ z
j�b:

The theory of fractional integral and differential operators

has found significant importance applications in various areas,
for example (see Dziok and Srivastava, 2003). Recently, many
mathematicians have developed various generalized fractional
derivatives of Srivastava–Owa type, for example, (Srivastava

et al., 2010 and Kiryakova, 2011). Further, we consider a gen-
eralized Srivastava–Owa type fractional derivative formulas
which recently appeared.

Definition 2.1 (Ibrahim, 2011). The generalized Srivastava–
Owa fractional derivative of fðzÞ of order b is defined by

Db;c
z fðzÞ :¼ ðcþ 1Þb

Cð1� bÞ
d

dz

Z z

0

ðzcþ1 � fcþ1Þ�b
fcfðfÞdf; ð2:2Þ

where 0 6 b < 1; c > 0 and fðzÞ is analytic in simply-
connected region of the complex z-plane C containing the ori-

gin. In particular, the generalized Srivastava–Owa fractional
derivative of function fðzÞ ¼ zj is defined by

Db;c
z zjf g ¼

ðcþ 1Þb�1C j
cþ1

þ 1
� �

C j
cþ1

þ 1� b
� � zð1�bÞðcþ1Þþj�1:

Now, we present a new generalized fractional differential

operator Tb;s;c
z as follows:

Definition 2.2. The generalized fractional differential of fðzÞ of
two parameters b and s is defined by

Tb;s;c
z fðzÞ :¼ ðcþ 1Þb�sCðsÞ

CðbÞCð1� b� sÞ z1�s d

dz

� �Z z

0

fcþb�1fðfÞ
ðzcþ1 � fcþ1Þb�s df;

ð2:3Þ
ðc P 0; 0 < b 6 1; 0 < s 6 1; 0 6 b� s < 1Þ;
where the function fðzÞ is analytic in simple-connected region

of the complex z-plane C containing the origin.

Remark 2.1. For fðzÞ 2 A, we have

i. when c ¼ 0 in (2.3), is reduced to the classical known one

(1.4) and
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