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1. Introduction

Let us recall some definitions of various convex functions that
are known in the literature.

Definition 1.1 (Guo et al., 2016; Sarikaya et al., 2016). A function
f:ICR — R is said to be convex on the interval I, if for all x,y € I
and t € (0,1) it satisfies the following inequality:

fltx+ (1= t)y) <tf(x) + (1 - OF ). (1.1)

Definition 1.2 (Tun¢ et al, 2013; Park, 2015). A function
f:ICR — R is said to be MT-convex on I, if it is nonnegative and
for all x,y e I and t € (0,1) it satisfies the following inequality:

Vi V11—t
me(X)Jr NG f). (1.2)

Example of such functions are:

flx+(1-t)y) <

(1) The functions f,g : (1,00) — R, where
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1
—xP = p [
f(x)=x" and gkx)=(1+x)", pe <0,1000)
(2) The function h : [1,3] — R, where

1
h(x)=(1+x)", qe (o,m).

Notice that these functions are not convex.

Definition 1.3 Guo et al,, 2016. If (X,.4) is a measurable space,
then f:X — R is measurable if f~'(B) € A for every Borel set
B < B(R). A function f : R" — R is Lebesgue measurable if f ' (B) is
a Lebesgue measurable subset of R" for every Borel subset B of R.

Let us now consider a formal definition for co-ordinated convex
functions:

Definition 1.4 (Dragomir et al., 2000; Dragomir, 2001). A function
f:A— R is said to be convex on the co-ordinates on

A =[a,b] x [c,d| CR* with a<b and ¢ <d if for all t,A€(0,1)
and (x,y), (z,w) € A satisfies the following inequality:

flx+ (1 -0z, 2y + (1 = )w) < tAf(x,y) +t(1 = )f (x,w)
+(1-0if(@zy) + (1 -0 - Df zw).
(1.3)
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Definition 1.5 Samko et al., 1993. The incomplete beta function is
defined by

Bi(a,b) — /z“

For z = 1, the incomplete beta function coincides with the com-
plete beta function.

2)'dz, a,b>0.

Throughout this paper we denote by L;(A) the set of all Lebes-
gue integrable functions on A as indicated by the authors in Guo
et al. (2016). Some integral inequalities of Hermite-Hadamard type

for co-ordinated convex functions on the rectangle in the plane R?
may be recited as follows:

Theorem 1.1 (Dragomir et al., 2000; Dragomir, 2001, Theorem 2.2).
Let f: A = [a,b] x [c,d] C R?> — R be convex on the co-ordinates on
A with a < b and ¢ < d. Then

f<a;b7c;d><%[bia/bf< c+d>dx
+$/cf<a+b7y>dy]
1 b d
(b—
%[L</fxcdx+/fxd >
dL/ </faydx+/fby )}

< zlf(a,0)+f(b,c) +f(a,d) +f(b,d)].

,.h—m

Theorem 1.2 Guo et al.,, 2015, Theorem 2.1. Let f : QC R?> — R be
a twice partial differentiable mapping on Q° (the interior of Q) and
let A = [a,b] x [c,d] C Q° with a < b,c < d and 2L € L, (A). If

ax dy dxdy
is convex on the co-ordinates on A and q > 1, then the following
inequality holds:

1
1 /1\4
101 <5 (5) f1.22.9) 15,4221 +£,21.4.2
18,2.4.1.2)},

where

16
V=%—a@—g

f

(“Ib%")ﬁ/df("%bw)dy
_ﬁ/abf<x%i>dx+ / /fxydxdy]

and

gq(rlera T3, r4) = [rl ny(av C)|q +T12 xy(a7 d)}q +713 ‘fxy(b7c)|q

1
+14|f 4 (b, )| }"

For more information on integral inequalities of the Hermite-
Hadamard type for various kinds of convex functions, the reader
is referred to the recently published papers (Park, 2013; Guo
et al.,, 2016; Meftah and Boukerrioua, 2015; Xi and Qi, 2015; Bai
et al.,, 2016), and the closely related references therein.

In this paper, we will establish more integral inequalities of the
Hermite-Hadamard type for MT-convex functions on the co-

ordinates on a rectangle A in the plane R2.

2. A definition and a lemma

Motivated by Definitions 1.1 and 1.3, we introduce the notion of
“co-ordinated MT-convex function”.

Definition 2.1. We say that a function f : A — R is MT-convex on
the co-ordinates on A = [a, b] x [c,d] C R? with a < b and c < d, if it
is nonnegative and forall t, 2 € (0,1) and (x,y), (z,w) € A it satisfies
the following inequality:

Vi
fitx+ (1 -6z, + (1 - A)w) < mf(wi
VI =2 fiy w >+V”‘ f »+ Vl*f w).(2.1)

4\/ 1 —t) 4./t(
Now, we give an example to show that a function can be MT-

convex on the co-ordinates on A without being convex on the
co-ordinates on A. The function f(x,y) : (1,00) x (1,00) — R, where

1
_ AC C
fx,y)=x+y° for ce (0,—10()0)

is MT-convex on the co-ordinates on A =
is not convex on the co-ordinates on A.

In order to prove our main results, we need the following
lemma.

(1,00) x (1, 00) while this

Lemma 2.1. Let f: QCR?> — R be a twice partial differentiable
mapping on Q° and let A = [a,b] x [c,d] CQ° with a < b,c < d and
€ L1 (A). Then the following equality holds:

0= aia (55 e [ ()
,ﬁ/;bf(x C+d>dx+ @0 /C‘d /ff(x,y)dxdy}
:/0'1 1/;t1,1fxy<ta+<lt)béc+<1§)d>dtdi
_B\git _A
+A1 Altﬂfxy<<l )aizb(l j)c+ﬂd>dtdﬂ
_(/0 /Ot) Xy< ( —i)b <1—§>c+id)dtd/1
,/01 -/Olt)fxy<(1 )a+£b <17§>d>dtdi

()x{)y

16 f

Proof. By integration by parts, we have

[ [ (o (1 Spe (1-2)a)aea
:(bfa;lm {f(##) */;f<Tb fow (1 —%)d)d,:
i O [ [ (-3

i f(%b#) *%[;f(a%b«,y)dy

(b—a)d-rc)

_%‘[;f<xyc+d>dx+m/;.;f(xiy)dxdy].

Similarly, we find

(-8)jas]
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