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a b s t r a c t

In this work we analyze a nonlinear eigenvalue problem for the p-Laplacian operator
with zero Dirichlet boundary conditions. We assume that the problem has a
potential which depends on the eigenvalue parameter, and we show that, for n big
enough, there exists a real eigenvalue λn, and their corresponding eigenfunctions
have exactly n nodal domains.

We characterize the asymptotic behavior of these eigenvalues, obtaining two
terms in the asymptotic expansion of λn in powers of n.

Finally, we study the inverse nodal problem in the case of energy dependent
potentials, showing that some subset of the zeros of the corresponding eigenfunctions
is enough to determine the main term of the potential.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

In this work we consider the following problem

− (|u′|p−2
u′)′ = [λ + g(x, λ)] |u|p−2

u, x ∈ (0, 1) (1.1)

with zero Dirichlet boundary conditions

u(0) = u(1) = 0, (1.2)

where 1 < p < ∞, λ is a real parameter, and g : [0, 1] × [0, +∞) → R satisfies the following conditions:
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(H1) g is a continuous function in [0, 1] × R, and it is locally Lipschitz continuous on the variable λ except
perhaps at λ = 0.

(H2) There exists C > 0, α ∈ (0, 1) such that |g(x, λ)| ≤ C(λα + 1) for any λ ∈ R and x ∈ [0, 1].

We are interested in the existence of eigenvalues, and these hypotheses are enough to show the existence
of an increasing sequence. However, in order to study the asymptotic behavior of the eigenvalues and the
inverse nodal problem, we impose an additional condition,

(H3) There exists a continuous function h(x) such that g(x, λ)/λα → h(x) as λ → ∞, uniformly in x.

This kind of problems belong to the class of nonlinear eigenvalue problems, where the coefficients of the
differential equations depend on the eigenvalue parameter. There exists several particular cases of interest,
like the quadratic eigenvalue problems, see [1,2]; or the energy dependent potentials, see [3–5].

When p = 2, the eigenvalue problem (1.1)–(1.2) is very important in both classical and quantum
mechanics. For example, such problems arise in solving Klein–Gordon equations which describe the motion
of massless particles such as photons, they are also used for modeling vibrations of mechanical systems in
viscous media, or in hydrodynamic stability problems, see [6]. In particular, generalized one dimensional
Schrödinger equations with quadratic operator pencils,

− u′′ =
(
λ2 − 2λh(x) − q(x)

)
u (1.3)

where studied in several papers, see [3,7,8,4,9–12], among other works.
The existence of a discrete set of eigenvalues in the linear case is a difficult problem, and it was solved first

by Friedman and Shinbrot [13] using functional analytic techniques for linear compact symmetric operators
which can be applied to the inverses of the differential operators. In the one-dimensional case, the work of
Greenberg and Babuska [14] uses the shooting method as a way to obtain the eigenvalues; however, this need
some monotonicity assumptions on the coefficients. Again in the linear one-dimensional case corresponding
to Eq. (1.3), the discreteness of the spectrum and the existence of a double sequence of real eigenvalues
going to ±∞ can be found in [15,16], where additional conditions are imposed on the coefficients, namely,

(G1) h ∈ H1(0, 1).
(G2) q ∈ L2(0, 1) satisfies

∫ 1
0 |u′|2 + q(x)|u|2dx > 0 for u ∈ H2(0, 1), u ̸= 0.

Without these conditions, a finite number of complex eigenvalues can appear, see also the work of Browne
and Watson [7], where this question is discussed in detail.

Let us remark that this double sequence depend on the particular problem considered. In some cases,
Eq. (1.3) appears as

− u′′ =
(

λ − 2
√

λh(x) − q(x)
)

u,

and only positive values of λ are allowed as eigenvalues. We prefer to work here with this type of problem,
since the other case can be handled in much the same way. Let us remark that some pathologies can occur,
like the existence of complex eigenvalues, or the existence of two values of λ with the same associated
eigenfunctions. We will discuss these questions briefly at the end of Section 2.

The existence of eigenvalues for the p-Laplacian is subtle, since the tools used for p = 2 are not available
in the quasilinear case. Also, a general nonlinearity like g(x, λ) forbids the use of the Prüfer transform based
on the generalized trigonometric functions (as in [17,18,14]) without additional conditions of monotonicity
on g. Nevertheless, we can show that, for sufficiently big n, we have at least one eigenvalue λn, and the
corresponding eigenfunctions have exactly n + 1 zeros in [0, 1]. Our first results in this direction are the
following theorems:
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