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a b s t r a c t

We prove the stability of entropy weak solutions of a class of scalar conservation
laws with non-local flux arising in traffic modelling. We obtain an estimate of the
dependence of the solution with respect to the kernel function, the speed and the
initial datum. Stability is obtained from the entropy condition through doubling of
variable technique. We finally provide some numerical simulations illustrating the
dependencies above for some cost functionals derived from traffic flow applications.
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1. Introduction

Conservation laws with non-local flux have drawn growing attention in the recent years. Indeed, beside
the intrinsic mathematical interest for their properties, they turned out to be suitable for modelling several
phenomena arising in natural or engineering sciences: flux functions depending on space-integrals of the
unknown appear for example in models for granular flows [1], sedimentation [2], supply chains [3], conveyor
belts [4], weakly coupled oscillators [5], structured populations dynamics [6] and traffic flows [7–9].

For this type of equations, general existence and uniqueness results have been established in [10,11]
for specific classes of scalar equations in one space-dimension, and in [12] for multi-dimensional systems of
equations coupled through the non-local term. In particular, existence is usually proved by providing suitable
compactness estimates on a sequence of approximate solutions constructed by finite volume schemes, while
L1-stability on initial data is obtained from Kružkov-type entropy conditions through the doubling of variable
technique [13]. A different approach based on fixed-point techniques has been recently proposed in [14] to
prove existence and uniqueness of solutions to scalar balance laws in one space dimension, whose velocity
term depends on the weighted integral of the density over an area in space.
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In this paper, we focus on a specific class of scalar equations, in which the integral dependence of the flux
function is expressed though a convolution product. We consider the following Cauchy problem{

∂tρ+ ∂x (f(t, x, ρ)V (t, x)) = 0 t > 0, x ∈ R,
ρ(0, x) = ρo(x), x ∈ R, (1.1)

where V (t, x) = v ((ρ(t) ∗ w)(x)), and w is a smooth mollifier:

(ρ(t) ∗ w)(x) =
∫
R
ρ(t, y)w(x− y)dy.

Here and below, we set ρ(t) := ρ(t, ·) the function x ↦→ ρ(t, x).
Existence and uniqueness of solutions to (1.1) follows from [10], as well as some a priori estimates, namely

L1, L∞ and total variation estimates, see Section 2.
Motivated by the study of control and optimisation problems with focus on traffic management, we are

interested in studying the dependence of solutions to (1.1) on the convolution kernel w and on the velocity
function v. While controlling the speed may seem more straightforward, varying the interaction kernel could
be of interest in applications to connected autonomous vehicles.

Estimates of the dependence of solutions to a general balance law on the flux function can be found
in [15,16]. However, as precised also below (see Remark 3), those estimates turn out to be implicit when
applied to the setting of problem (1.1).

Carefully applying the Kružkov’s doubling of variables techniques, on the lines of [2,17], we derive the
L1-Lipschitz continuous dependence of solutions to (1.1) on the initial datum, the kernel (see Theorem 1)
and the velocity (see Theorem 2). These results are collected in Section 2, while the technical proofs are
deferred to Section 3. Finally, in Section 4 we show some numerical simulation illustrating the behaviour
of the solutions of a non-local traffic flow model, when the size and the position of the kernel support or
the velocity function vary. In particular, we analyse the impact on two cost functionals, measuring traffic
congestion.

2. Main results

The study of problem (1.1) is carried out in the same setting of [10], with slightly strengthened conditions.
We recall here briefly the assumptions on the flux function f , on v and on w:

f ∈ C2(R × R × R;R+) and

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

sup
t,x,ρ

|∂ρf(t, x, ρ)| < +∞

sup
t,x

|∂xf(t, x, ρ)| < C |ρ|

sup
t,x

⏐⏐∂2
xxf(t, x, ρ)

⏐⏐ < C |ρ|

∀t, x f(t, x, 0) = 0

(2.1)

v ∈ (C2 ∩ W2,∞)(R;R) and w ∈ (C2 ∩ W1,1 ∩ W2,∞)(R;R). (2.2)

Throughout the paper, we make use of the following definition of solution to problem (1.1), see also [10,
Definition 2.1].

Definition 1. Let T > 0. Fix ρo ∈ L∞(R;R). A weak entropy solution to (1.1) on [0, T ] is a bounded
measurable Kružkov solution ρ ∈ C0([0, T ]; L1

loc(R;R)) to{
∂tρ+ ∂x (f(t, x, ρ)V (t, x)) = 0
ρ(0, x) = ρo(x) where V (t, x) = v((ρ(t) ∗ w)(x)),
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