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1. Introduction

The following system of equations arises in a number of real world applications, in particular in certain
astrophysical and meteorological models (see e.g. the survey by Klein [1]):

Oro + divg(ou) = 0, (1.1)
. 1 1
O (ou) + div,(ou ® u) + ?VIP(Q’ 9) = ?szF, (1.2)
1 2 1 . 1 2 1 1 .. 1
O | golul” + —ee(e,9) ) +dive | { Selul” + Hee(e,9) Ju| + Zdiva(p(e, 9)u) = Ve F - u. (1.3)

The equations (1.1), (1.2), and (1.3) represent a mathematical formulation of the conservation of mass,
momentum, and energy, respectively, of a compressible inviscid fluid driven by a potential force V,F. Here,
the state of the fluid at a time ¢ and a spatial position x is given by its mass density o = o(¢, ), the
macroscopic velocity u = u(t, z) and the (absolute) temperature 4 = J(t, z). The pressure p = p(p, ) and
the internal energy density e = e(p,¥) are given explicitly through an equation of state.

* Corresponding author at: Institute of Analysis, Karlsruhe Institute of Technology, D-76128 Karlsruhe, Germany.
E-mail address: gabriele.bruell@kit.edu (G. Bruell).

https://doi.org/10.1016/j.nonrwa.2018.05.004
1468-1218 /© 2018 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.nonrwa.2018.05.004
http://www.elsevier.com/locate/nonrwa
http://www.elsevier.com/locate/nonrwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nonrwa.2018.05.004&domain=pdf
mailto:gabriele.bruell@kit.edu
https://doi.org/10.1016/j.nonrwa.2018.05.004

G. Bruell, E. Feireisl / Nonlinear Analysis: Real World Applications 44 (2018) 334—346 335

To close the system we specify the physical domain — an infinite slab, “periodic” in the horizontal
variable:

2
2= ([717 1”{—1,1}) X [Ov 1}7
supplemented with the impermeability condition
u-n|ygo = 0, meaning, u3(t,z1,22,0) = u3(t,z1,22,1) = 0. (1.4)

Later, to extend the range of possible applications of our result, we consider a slightly more general setting,
2 Cc RN, N =2,3, - abounded regular domain — supplemented with the impermeability condition

u-nlgo = 0. (1.5)

Problem (1.2)—(1.4) contains a small positive parameter € > 0. Our aim is to identify the limit problem
for ¢ — 0. Rather surprisingly, the limit problem is not unique and depends on the choice of the initial data.
To see this, let us examine the associated static system

Vap(o,9) = oV F. (1.6)
To simplify presentation, we suppose that p satisfies the standard Boyle-Mariotte law,
p(o,v) = o9,
and that
F(z) = —xs.
Accordingly, the pressure p in (1.6) depends only on the vertical variable x3 and problem (1.6) reduces to

%813(919) =-1. (1.7)

1.1. Isothermal limit

Suppose, that ¥ = 9 > 0 — a positive constant. Then the stationary problem (1.7) can be explicitly
solved,

_ . x
0=0(x3), 0(x3)=carexp (—;) , ep > 0,

where the value of the constant cjp; is uniquely determined by prescribing the total mass M = f o 0 dz. The
limit system for the isothermal case has been identified in [2]. It turns out that the limit velocity field U
has only two components,

Uz, 29, 23) = [U' (21,32, 23), U*(21, 72, 23),0] = [Up (21, 22,23),0],
where, for any fixed x3, the field Uy/(+, z3) satisfies the incompressible Euler system

dthUh = 07 (].8)

0 Up + Uy - VR Uy + Vi II =0, (1.9)
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