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a b s t r a c t

This paper deals with bifurcation of limit cycles for piecewise smooth integrable non-
Hamiltonian systems. We derive the first order Melnikov function, which plays an
important role in the study of the number of limit cycles bifurcated from the periodic
annulus of a center. As an application, we consider a class of cubic isochronous cen-
ters, which has a non-rational first integral. Using the first order Melnikov function,
we obtain the sharp upper bound of the number of limit cycles which bifurcate from
the periodic annulus of the center under piecewise smooth polynomial perturbations.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction and statement of main results

One of the main topics in the qualitative theory of planar differential systems is to determine the numbers
and distributions of limit cycles. The restriction of this problem to polynomial differential systems is the
well-known Hilbert’s 16th problem, see [1]. Since Hilbert’s 16th problem turns out to be a strongly difficult
one, many mathematicians began to study some special kinds of polynomial systems, such as the weak
Hilbert’s 16th problem [2], Liénard system [3–5], quadratic system [6,7] and cubic system [8].

Consider the perturbed planar smooth Hamiltonian system
dx
dt = Hy(x, y) + εf(x, y),
dy
dt = −Hx(x, y) + εg(x, y),

(1)

where f(x, y) and g(x, y) are analytic functions with respect to x, y. We suppose that the unperturbed
system (1)|ε=0 has a family of periodic orbits Lh ⊂ {(x, y) : H(x, y) = h ∈ J = (α, β)}.

∗ Corresponding author.
E-mail addresses: lism1983@126.com (S. Li), cenxiuli2010@163.com (X. Cen), mcszyl@mail.sysu.edu.cn (Y. Zhao).

http://dx.doi.org/10.1016/j.nonrwa.2016.08.005
1468-1218/© 2016 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/j.nonrwa.2016.08.005
http://www.sciencedirect.com
http://www.elsevier.com/locate/nonrwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nonrwa.2016.08.005&domain=pdf
mailto:lism1983@126.com
mailto:cenxiuli2010@163.com
mailto:mcszyl@mail.sysu.edu.cn
http://dx.doi.org/10.1016/j.nonrwa.2016.08.005


S. Li et al. / Nonlinear Analysis: Real World Applications 34 (2017) 140–148 141

A classic way to generate limit cycles is by perturbing a system which has a center via Poincaré bifurcation,
in such a way that limit cycles bifurcate in the perturbed system from the periodic annulus of the center
for the unperturbed system. In order to study the maximum number of limit cycles of system (1) which
bifurcate from the periodic annulus of the center, it is necessary to study the number of zeros of the first
order Melnikov function, also known as Abelian integral, i.e.,

M1(h) =

Lh

g(x, y)dx− f(x, y)dy. (2)

In the case that (1) is a polynomial system, the study of the upper bound of the number of zeros of (2) is
the so called weak Hilbert’s 16th problem, see [2]. Many works have been done on limit cycles by perturbing
Hamiltonian system with a family of periodic orbits, see the survey paper [2].

For the perturbed planar smooth integrable non-Hamiltonian system
dx
dt = Hy(x, y)

R(x, y) + εf(x, y),

dy
dt = −Hx(x, y)

R(x, y) + εg(x, y),
(3)

with integrating factor R(x, y), the first order Melnikov function can be expressed as

M1(h) =

Lh

R(x, y)g(x, y)dx−R(x, y)f(x, y)dy. (4)

There are some works on limit cycles by perturbing integrable non-Hamiltonian system, see for instance
[9,10].

In recent years, stimulated by the discontinuous phenomena in the real world, there has been considerable
interest in studying the bifurcation of piecewise smooth differential system, see for instance [11] and the
references therein. There are many authors generalizing the Hilbert’s 16 problem to the piecewise smooth
case, that is to say, they consider the limit cycles for the piecewise smooth Hamiltonian system, see for
instance [12–17].

The authors in the paper [18] extend the averaging method to piecewise smooth system. In order to
apply the averaging method, a transformation of the original system into the standard form must be done.
Generally speaking, if the system is integrable but no-Hamiltonian, then the translation is difficult.

In the paper [15], the authors consider the perturbed planar piecewise smooth Hamiltonian systems

dx
dt
dy
dt

 =




H+
y (x, y) + εf+(x, y)
−H+

x (x, y) + εg+(x, y)


, x > 0,

H−y (x, y) + εf−(x, y)
−H−x (x, y) + εg−(x, y)


, x 6 0,

(5)

where f±(x, y), g±(x, y) and H±(x, y) are analytic functions with respect to x and y. The switching manifold
x = 0 divides R2 into two regions, where the systems are smooth in each region. We call system (5) with
x > 0 the right subsystem and x < 0 the left subsystem respectively.

Suppose that the unperturbed system (5)|ε=0 has a family of periodic orbits around the origin and satisfy
the following two assumptions:

Assumption (I). There exist an open interval J = (α, β), and two points A(h) = (0, a(h)), A1(h) = (0, a1(h)),
where a(h) ̸= a1(h). For h ∈ J , we have

H+(A(h)) = H+(A1(h)) = h, H−(A(h)) = H−(A1(h)). (6)
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