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1. Introduction

This paper is concerned with the Cauchy problem of the full compressible Navier—Stokes equations affected
by the external potential force in R3:

pe+ V- (pu) =0,
plug + (u-V)u] + VP(p,0) = pAu+ (u+ p/)V(V - u) + pF, (1.1)
pev [0+ (w- V)0 + 0Py (p,0)V - u = kA0 + Vlul,

and the initial data
(pauva)(ovx) = (p07u0300)(x) - (p00307000)7 as |£L’| — 0. (12)

Here the unknown functions p > 0, u = (u1,us,us3), and 6 denote the density, the velocity and the
temperature; x = (z1,72,73) € R? is the space variable, ¢t > 0 is the time variable; P = P(p,0), p, ',
k > 0, and cy are the pressure, the first and second viscosity coefficients, the coefficient of heat conduction,
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and the specific heat at constant volume, respectively. In addition, F' = F(x) is an external force and
¥ = ¥lu] is the dissipation function:

3

3
Z (Osuj + 05us)® + 1Y (95u5)>. (1.3)

Jj=1

l\D\t

Throughout this paper, we assume that the above physical parameters satisfy p > 0 and 2u + 3y’ > 0 which
deduce p+ p' > 0. poo and 6, are positive constants, and P(p, 6) is smooth in a neighborhood of (ps, 00)
with P,(poc,foc) > 0 and Py(poc, o) > 0.

In this work, we only consider the potential force, that is, FF = —V®&(z). Under aforementioned
assumptions, the existence of the stationary solution to the problem (1.1) and (1.2) has been established
in [1]. The solution (p., u.,6,) in a neighborhood of (pss, 0, ) is given by

/MI) de FB@) =0, uz)=0, 0.(x)=0u, (1.4)
and satisfies
[P = pooll e (rsy < Cll @[l prrsy, 0<k <4, (1.5)
4
SN+ 2DV (s = poo)llL2@sy < C DA+ [2))VF Bl L2 rs).- (1.6)
- k=1

We will construct the global unique solution to (1.1) near the steady state (p«,0,0) when the initial
perturbation belongs to the Sobolev space H?(R3). Our main results are stated as the following theorem.

Theorem 1.1. Let (po — poo, U0, 00 — 0) € H2(R3), there exists some small constant € > 0 such that if

4
1(p0 = pocs 10, 80 = o)l 2 sy + | Bll e qesy + Y N1+ |2))V* Bl 2 rsy < e, (L.7)
k=1

then the initial value problem (1.1) and (1.2) admits a unique solution (p,u,0) globally in time which satisfies
p— p € C([0,00); H*(R?)) N C*([0, 00); H' (R?)),
u,0 — 0o € CO([0,00); H*(R?)) N C*([0, 00); L*(R?)).

Moreover, if the initial data (po— poo, o, 0o — o) is bounded in LP(R?) for any given 1 < p < 2, the solution
(p,u, 8) enjoys the following decay-in-time estimates:

IV(p = partt, 0 — O0) |11y < CA+ 1) 2G73)72 forall t >0, (1.8)
1(p = purtt, 0 — 00) || Lazsy < CL+ )25 forall t >0, 2< ¢ <6, (1.9)
100(p — per 1, 0 — 0s0) | 12y < C(A+ ) 27573 for all £ > 0, (1.10)

for some positive constant C'.

Remark 1.1. In Theorem 1.1, using the Sobolev imbedding inequalities in Lemma 2.1, (1.7) together with
(1.5) and (1.6) yields

3

s = poollers@sy + D 11+ &) VF(pu = poo) |2 @)L @s) < Ce. (1.11)
k=1
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