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difficult is the integrability problem even inside this simple family of degenerate
centers or perturbations of them.

Keywords:

Nonlinear differential systems
Integrability problem
Degenerate center problem

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

This work centers in determining the existence of analytic first integrals in a neighborhood of a degen-
erate center singular point which indeed is a center or which is a perturbation of a degenerate center. It is
well-known that a system has a center at a singular point only if it is monodromic and it has either linear
part of center type, i.e. with imaginary eigenvalues (nondegenerate point), or nilpotent linear part (nilpotent
point) or null linear part (degenerate point). Any nondegenerate center has always a local analytic first in-
tegral in a neighborhood of its singular point, see [1-4]. However, there are nilpotent and degenerate centers
without a local analytic first integral, see [5-11,4,12] and references therein. There are methods to detect
nondegenerate and nilpotent centers of a given family of polynomial vector field, see [9-11]. However there
is no method to detect centers for a general degenerate singular point.

Any nilpotent center has a local analytic first integral if, and only if, it is analytically equivalent to the

1,2]671

Hamiltonian system & = y, § = — where k > 1, see for instance [13]. The integrability problem has

been studied for a few families of degenerate singular points.

* Corresponding author.
E-mail addresses: algaba@uhu.es (A. Algaba), isabel.checa@dmat.uhu.es (I. Checa), cristoba@uhu.es (C. Garcia),
gine@matematica.udl.cat (J. Giné).

http://dx.doi.org/10.1016/j.nonrwa.2016.02.003
1468-1218/© 2016 Elsevier Ltd. All rights reserved.


http://dx.doi.org/10.1016/j.nonrwa.2016.02.003
http://www.sciencedirect.com
http://www.elsevier.com/locate/nonrwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nonrwa.2016.02.003&domain=pdf
mailto:algaba@uhu.es
mailto:isabel.checa@dmat.uhu.es
mailto:cristoba@uhu.es
mailto:gine@matematica.udl.cat
http://dx.doi.org/10.1016/j.nonrwa.2016.02.003

A. Algaba et al. / Nonlinear Analysis: Real World Applications 31 (2016) 288-307 289

In [14] the analytic integrability problem for degenerate systems of the form
&=y’ +3ua’y +o(lz,yl), g =—2=3pay® +o(lz,yf’), peR, (1.1)

was analyzed and the following result was established.

Theorem 1.1. System (1.1) is analytically integrable if, and only if, it is formally equivalent to & = y>+3uz>y,
: 3 2
Yy =—z° — 3uzry-.

In [15] the analytic integrability problem for degenerate systems of the form
=1+ 2Py +---, y=—a°—3ax’y*+---, acR, (1.2)

was also studied where here the dots mean terms of higher order than the first component in the
quasi-homogeneous expansion (see definition of quasi-homogeneous expansion below). The next result was
established in [15].

Theorem 1.2. System (1.2) is analytically integrable if, and only if, it is formally equivalent to & = y3+2ax3y
—2Bgxty, ¥ = —x° — 3axy? + 4B9x3y?, where By is written in the parameters of the first quasi-homogeneous
components of system (1.2).

The integrability problem for these two previous families can be solved using the following result given
in [13].

Theorem 1.3. Let us assume that the lowest-degree quasi-homogeneous term of the degenerate system is
F, = X; = (—=0h/0y,0n/0x)T, where h has only simple factors. Then, the quoted system is formally
integrable if and only if it is formally conjugated, via dissipative transformations, to a divergence-free system.

First we give some comments and results about the integrability problem for a vector field F = 3 i>r F;,
F; e Q;, in function of its first quasi-homogeneous component F,.. As we have said Theorem 1.3 solves the
integrability problem in the case that F,. = X}, where all the irreducible factors of h over C|z, y] are simple.
The case div (F,) # 0 with F,. reducible or F,. = X}, where h has multiple factors is not solved and it is an
open problem.

However a necessary condition in order that F be integrable is that F,. be also integrable. The integrability
problem for F, = X, + uDg with Dy = (t12,t2y)T, pu # 0 is solved in [16], see Theorem 4.12. This theorem
shows the necessity of certain resonances in the parameters of the vector field in order that F,. be integrable.
Moreover such resonances determine the exponents of the irreducible factors of h that appear in the first
integral.

Lemma 1.4. Let F,. = (P,Q) € QF irreducible. If I € Pt is a first integral of F,., then i > r + |t| and exists
fe fP';_T_‘tI such that fF, = X;.

Proof. The reasoning is taken from the proof of [16, Theorem 3.1]. We have VI -F, = 0. As the components
of F, have not common factors, we have that exist f € Pt such that VI = f(—Q,P). Thus

i—r—|t|
X;=fPQT=fF.. 1

On the other hand if F,, = X, + uDy is integrable and I is a first integral, from the previous lemma
we deduce that exists a quasi-homogeneous function f such that I = %DO ANXp = %f Dy AF, = %lt‘f h.
Hence the integrability problem of a quasi-homogeneous vector field with not null divergence is equivalent
to the integrability problem of a quasi-homogeneous Hamiltonian vector field where its Hamilton function
has multiple factors. It is logical to think that the resonances appearing in a problem are also determinants
in the other.
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