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a b s t r a c t

We consider nonlinear coupled evolution equations evolving according to different
timescales and study the behavior of solutions as their ratio becomes singular.Wederive an
abstract result and use it to justify rigorously the quasistationary approximation of a mov-
ing boundary problem modeling the growth of an avascular tumor. Another application is
a quasilinear formulation of the Keller–Segel model on a bounded domain in RN .
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1. Introduction

It is awell accepted strategy in the context of the analysis of dynamical systems, in particularmoving boundary problems,
to study so called quasistationary approximations rather than complete problems. This is reasonable, if the concrete problem
couples the evolution of certain quantities with the property that one evolves significantly faster than the other. Moreover,
the quasistationary problems are often easier to treat from a mathematical point of view. In this and a forthcoming paper
we shall ‘quantify’ methods designed to solve the full parabolic systems in a way that is suitable to measure the difference
of the involved timescales. As a consequence, we will be able not only to prove the local existence of solutions of (speed-)
parameter dependent full problems on a uniform interval of existence, but also rigorously to prove strong convergence of
the classical solutions to a solution of the corresponding quasistationary problem. We have decided to follow a systematic
approach.

Section 2. We study parameter dependent abstract evolution systems Uε,α(t, s) belonging to a family of time dependent
operators of the form {1/ε · Aα(t); ε > 0; t ∈ [0, T ];α ∈ A} and derive sharp decay estimates explicitly respecting the
parameter ε > 0 uniformly with respect to α ∈ A. Our systematic and notation is closely oriented on [1]. Our estimates
allow us then to study the singular limit ε = 0 of the mild solution of the parameter dependent family of linear Cauchy
problems

εu̇+ Aε(t) = Fε(t); u(0) = u0.

(Theorem 2.4) This is a generalization of an old result of S.G. Krein, see [2, Theorems IV.1.1 and IV.1.2], in miscellaneous
respect.

Section 3. We consider an abstract coupled system of evolution equations
εu̇+ A(ρ)u = F(ε, u, ρ)
ρ̇ + B(ρ)ρ = G(u, ρ)
u(0) = u0
ρ(0) = ρ0.

(1.1)
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Under natural (from the point of view of semigroup theory) assumptions of the mappings involved we prove the local
existence of classical solutions on an existence interval not depending on ε > 0 (Theorem 3.2). The latter thing turns out to
be a crucial difficulty in the study of nonlinear coupled quantities evolving related to different timescales.

Section 4. We introduce a moving boundary problem modeling the growth of an avascular tumor and show that it fits in
the framework designed before. The main result of this paper is to prove the strong convergence of classical solutions to the
solution of the quasistationary approximation of the model (Theorem 4.5).

Section 5. As a byproduct of our abstract approachwe show that a quasilinear version of theKeller–Segelmodel on a bounded
domain in RN admits smooth classical solutions rigorously approximating the quasistationary version.

We close this section with two remarks.
(1) There is an alternative strategy for attacking time-scaling problems of the type under our consideration. One can

perform a scaling in the time variable and use suitable continuation operators in combination with maximal regularity
results on the halfline (or decay estimates for evolution systems) in order to obtain a priori estimates. This strategy turns
out to be technically evenmore involved, to be less consistent in its presentability and to produce less optimal results when
dealing with the situation considered in this paper: First of all, the linear case (Theorem 2.4) would not be covered by this
approach. Thus, in the situation of Theorem 3.2 we would not be able to establish E1-convergence of the solutions which of
course would force either to reason about the notion of a solution of the abstract quasistationary problem (3.1) or to work
simultaneously in a second scale of Banach spaces representing higher regularity. Nevertheless, in a forthcoming paper we
will make use also of these kinds of techniques in order to be able to justify the quasistationary approximations of a one
phase osmosis model and of the Stefan problem with Gibbs–Thomson correction and kinetic undercooling.

(2) Recently I learned that V.A. Sollonikov and E.V. Frolova have rigorously justified the free boundary Stokes and Hele-
Shaw models as singular limits of the Navier–Stokes system and the classical Stefan problem (i.e. the problem without
Gibbs–Thomson correction and without kinetic undercooling), respectively [3,4]. Since they are using methods different
from those presented in this paper (i.e. not based on semigroup theory), it is worthmentioning that (very roughly speaking)
the estimates they derive in order to compare the two timescales are of similar nature as our ones, namely ‘of the type
( t
ε
)αe−ct/ε ’.

2. The abstract setting and linear equations

LetΣϑ := {z ∈ C; | arg(z)| ≤ ϑ +π/2} ∪ {0}. If not explicitly otherwise stated, we assume throughout this section that

• E1, E0 are Banach spaces, E1
d
↩→ E0;

• J is a perfect subinterval of R+ containing 0, 0 < ρ < 1;
• there areM, η > 0 as well as ϑ ∈ (0, π/2) such that

A ⊂ Cρ(J,H(E1, E0)), ∥A∥Cρ (J,L(E1,E0)) ≤ η,
Σϑ ⊂ ρ(−A(s))
∥A(s)∥L(E1,E0) + (1+ |λ|)

1−j
∥(λ+ A(s))−1∥L(E0,Ej) ≤ M,

(2.1)

where (s, λ, A) ∈ J ×Σϑ ×A and j = 0, 1.

Here,H(E1, E0) denotes the set of all bounded linear operators A ∈ L(E1, E0), such that−A, considered as an unbounded
operator in E0 with domain E1 generates a strongly continuous analytic semigroup of operators on E0, i.e. in L(E0), which
we shall denote by e−tA. The symbol ρ(A) denotes the resolvent set of A, and, given metric spaces X, Y , Cρ(X, Y ) is the set
of ρ-Hölder continuous functions. (2.1) has the well-known implication

1/M∥x∥E1 ≤ ∥A(s)x∥E0 ≤ M∥x∥E1 , (2.2)
(s, x, A) ∈ J × E1 ×A. It is also well known that (2.1) guarantees the existence of a parabolic fundamental solution UA(t, s)
possessing E1 as a regularity subspace for any A ∈ A. A detailed construction can be found in [1]. Moreover, estimates are
proven, whose importance is revealed in the study of quasilinear problems. In the sequel we shall use the same techniques
to derive estimates of the fundamental solutions belonging to a family of the form 1

ε
· A, ε > 0, A ∈ A. Indeed, Lemma III

2.2.1 in [1], (2.1), (2.2) and the fact that semigroup and generator commute, lead to the following statement.

Lemma 2.1. There exist C = C(k,M), σ = σ(ϑ,M) > 0 such that

∥[tA(s)]ke−tA(s)∥L(Ej) + t∥[tA(s)]ke−tA(s)∥L(E0,E1) ≤ C · e−σ t , (2.3)

k ∈ N, (t, s, A) ∈ R>0
× J ×A, j = 0, 1.

Let X, Y , Z be Banach spaces and J∗
△
:= {(t, s) ∈ J × J; s < t}. If f : J∗

△
→ L(Y , Z) and g : J∗

△
→ L(X, Y ) are suitable

functions, let

(f ⋆ g)(t, s) :=
 t

s
f (t, τ )g(τ , s) dτ
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