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1. Introduction

This paper gives a periodic—parabolic counterpart of the second classification theorem of J. Lépez-
Goémez [18] and infers from it a periodic—parabolic counterpart of [17, Th. 2.5] and Theorem 2.4 of H. Amann
and J. Lépez-Gémez [6]. Then, based on that result, the main theorem of [7], which was originally stated
for cooperative systems subject to Dirichlet boundary conditions, is substantially sharpened up to cover the
case of general boundary operators of mixed type. The elliptic counterparts of these results have shown to
be a milestone for the generation of new results in spatially heterogeneous nonlinear elliptic equations and
cooperative systems (see, e.g., P. Alvarez-Caudevilla and J. Lopez-Gémez [1,2], M. Molina-Meyer [24—26],
H. Amann [5], J. Lépez-Gdémez and L. Maire [21] and the recent monograph [20]). Thus, the findings of
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this paper seem imperative for analyzing a wide variety of problems in the presence of spatio temporal
heterogeneities.
In this paper we are working under the following general assumptions:

(A1) £ is a bounded subdomain (open and connected set) of RV, N > 1, of class C>*? for some 0 < § < 1,
whose boundary, 02, consists of two disjoint open and closed subsets, Iy and Iy, respectively, such
that 042 := Iy U I (as they are disjoint, Iy and I'; must be of class C>*?). It must be stressed that
012 cannot be connected if both Iy # (), i = 0,1.

(A2) For a given T > 0, we consider the non-autonomous differential operator

al 02 al )
C=Lat)=— aij(x,t)m + ij(x,t)%j + ¢(x, t) (1.1)
J

ij=1 i=1

with a;; = aj;,b5,c € F for all 1 <4,7 < N, where
F = {u €COS (2 xR;R) : u(-T+t)=u(-t) forallt € ]R} . (1.2)
Moreover, we assume that £ is uniformly elliptic in Qp, where Q7 stands for the parabolic cylinder
Qr =2 x(0,7),

i.e., there exists p > 0 such that

N
> aij(a, )€ > plé® forall (2,t,€) € Qr x RV,

ij=1

where |-| stands for the Euclidean norm of RY.
(A3) B :C(IyH) ®CHRUIY) — C(dN) stands for the boundary operator

¢ on Iy
BE =1 9 + Ba)e on I (1.3)
v

for each ¢ € C(Iy) ® CH(R2U I'y), where 8 € C1T9(I) and
v=(v1,...,un) €C(002;RY)
is an outward pointing nowhere tangent vector field.

Thus, rather crucially, in this paper the function § can change sign, in strong contrast with the classical
setting dealt with by P. Hess [13] and, more recently, by R. Peng and X. Q. Zhao [28], where it was imposed
the strongest condition 8 > 0. In our general setting, 8 is the Dirichlet boundary operator on Iy, and the
Neumann, or a first order regular oblique derivative boundary operator, on I, and either Iy, or Iy, can
be empty. As in this paper S can change of sign, our results can be applied straight away to deal with
cooperative periodic—parabolic systems under general nonlinear mized boundary conditions.

Besides the space F' introduced in (1.2), this paper also considers the Banach spaces of Holder continuous
T-periodic functions

E = {u € CHO*H%(Q XR;R) @ wu(,T+t)=u(,t) forall ¢t e R}
and the periodic—parabolic operator

P =0, + L(x,t). (1.4)
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