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a b s t r a c t

We study the global existence of small data solutions to the Cauchy problem for
semilinear damped wave equations with an effective dissipation term, where the data
are supposed to belong to different classes of regularity. We apply these results to the
Cauchy problem for weakly coupled systems of semilinear effectively damped waves
with respect to the defined classes of regularity for different power nonlinearities.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Many papers are concerned with qualitative properties of solutions to the Cauchy problem for the classical
damped wave equation without any source or sink. The model we have in mind is

utt − ∆u + ut = 0, u(0, x) = u0(x), ut(0, x) = u1(x).

Among all properties decay estimates for solutions and their partial derivatives are of special interest. Such
estimates were given in [11]. Having such estimates in hand one can study the following Cauchy problem for
semilinear classical damped wave equations with power nonlinearity

utt − ∆u + ut = |u|p, u(0, x) = u0(x), ut(0, x) = u1(x),
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where p > 1. In [12] the authors proved for given compactly supported initial data (u0, u1) ∈ H1 ×L2 and for
p ≤ pGN (n) = n

n−2 if n ≥ 3 the local (in time) existence of energy solutions u ∈ C([0, T ), H1)∩C1([0, T ), L2).
In the same paper the global (in time) existence was proved for small data by using the technique of potential
well and modified potential well. The authors proposed the critical exponent pcrit = pcrit(n) = 1 + 4

n which
means that we have global (in time) existence of small data weak solutions for some admissible p > pcrit,

while local (in time) existence for p > 1 and large data. In the paper [19] assuming compactly supported data
(u0, u1) ∈ H1×L2 to be sufficiently small, the authors proved a global existence result for p > pF uj(n) = 1+ 2

n

and p ≤ pGN (n) if n ≥ 3.
Later some papers are devoted to weakly coupled systems of semilinear classical damped wave equations

with power nonlinearities

utt − ∆u + ut = |v|p, vtt − ∆v + vt = |u|q,
u(0, x) = u0(x), ut(0, x) = u1(x), v(0, x) = v0(x), vt(0, x) = v1(x). (1)

In [18] the authors have shown the existence and nonexistence of energy solutions to (1), provided that
the space dimension n = 1, 3. The interplay between the power nonlinearities is presented by the following
condition:

α := max{p; q} + 1
pq − 1 <

n

2 . (2)

If this condition is satisfied, then to given small data there exists a global (in time) energy solution which
satisfies some decay estimates. On the contrary, if this condition is not satisfied, then every energy solution
to given initial data having positive average value does not exist globally. In [13] these existence results were
generalized to the cases n = 1, 2, 3. Improved time decay estimates were given in the case n = 3, still under
the condition (2). Recently, in [14] the authors determined the critical exponent for any space dimensions.
Here “critical” means that if α < n

2 , then the local (in time) energy solution can be extended globally for
suitably chosen small data and if α ≥ n

2 , then suitable local (in time) energy solutions blow up in finite
time. The proof of the global (in time) existence of solutions for supercritical nonlinearities is based on a
weighted energy method of solutions for supercritical nonlinearities provided that (2) still holds.

Let us now include a time-dependent coefficient b = b(t) in the dissipation term. Then we are interested
in the Cauchy problem

utt − ∆u + b(t)ut = 0, u(0, x) = u0(x), ut(0, x) = u1(x), (t, x) ∈ [0, ∞) × Rn. (3)

In [20] and [21] a classification of dissipation terms b(t)ut in scattering to free waves producing, non-effective
dissipation terms, effective dissipation terms and overdamping producing are proposed. In the following we
only consider effective dissipation terms. Here b(t)ut is called effective in the model (3) if b = b(t) satisfies
the following properties:

• b is a positive and monotonic function with tb(t) → ∞ as t → ∞,
• ((1 + t)2b(t))−1 ∈ L1(0, ∞),
• b ∈ C3[0, ∞) and |b(k)(t)| ≲ b(t)

(1+t)k for k = 1, 2, 3,
• 1

b ̸∈ L1(0, ∞) and there exists a constant a ∈ [0, 1) such that tb′(t) ≤ ab(t).

Typical examples are

b(t) = µ

(1 + t)r
, b(t) = µ

(1 + t)r
(log(e + t))γ , b(t) = µ

(1 + t)r(log(e + t))γ

for some µ > 0, γ > 0 and r ∈ (−1, 1). In order to treat semilinear Cauchy problems of the form

utt − ∆u + b(t)ut = |u|p, u(0, x) = u0(x), ut(0, x) = u1(x) (4)
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