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a b s t r a c t

We investigate the Fredholm alternative for the p-Laplacian in an exterior domain
which is the complement of the closed unit ball in RN (N ≥ 2). By employing
techniques of Calculus of Variations we obtain the multiplicity of solutions. The
striking difference between our case and the entire space case is also discussed.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The Fredholm alternative for the p-Laplacian has been studied on both bounded domains in RN and the
entire space RN . In this paper we investigate the existence and multiplicity of solutions of the following
problem {

−∆pu = λK(x)|u|p−2
u+ h in Bc

1,
u = 0 on ∂B1,

(1.1)

where ∆pu := div
(

|∇u|p−2∇u
)

is the p-Laplacian with p > 1, Bc
1 is the complement of the closed unit ball

B1 in RN , λ > 0 is a parameter, the weight K and the function h will be specified later.
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In a bounded domain Ω of RN , similar problems (with K(x) ≡ 1) have been studied in numerous papers.
For the references we refer the reader to survey papers by Takáč [17,18] and the references therein.

In the case of the entire space RN , Alziary et al. [1] studied the solvability of the equation

− ∆pu = λm(x)|u|p−2
u+ f in RN , u ∈ D1,p(RN ), (1.2)

where 1 < p < N and the Sobolev space D1,p(RN ) is defined to be the completion of C1
c (RN ) with respect

to the norm

∥u∥D1,p(RN ) =
(∫

RN
|∇u|pdx

)1/p

.

They studied problem (1.2) with a radially symmetric and measurable weight m(x) = m(|x|) satisfying

0 < m(r) ≤ C

(1 + r)p+µ
a.e. in [0,∞), (1.3)

with some constants µ > 0 and C > 0. Let λ̃1 > 0 be the first eigenvalue and φ̃1 be the corresponding
positive eigenfunction of −∆p in RN relative to the weight m(|x|); for the existence of the first eigenpair see,
for example [14,15] and the references therein. For a given f∗ ∈ [D1,p(RN )]∗ (the dual space of D1,p(RN )),
satisfying ⟨f∗, φ̃1⟩ = 0 (where ⟨·, ·⟩ denotes the duality pairing between D1,p(RN ) and [D1,p(RN )]∗), the
authors of [1] obtained the existence of at least one solution of (1.2) for 2 ≤ p < N with λ = λ̃1 and f = f∗,
and for 1 < p < 2 ≤ N with λ ∈ (λ̃1 − ϵ, λ̃1 + ϵ), ϵ > 0 small, and f in a neighbourhood of f∗.

To obtain the existence of solutions, the authors of [1] used variational arguments but treated the two
cases 1 < p < 2 ≤ N and 2 ≤ p < N in a different way. As a by-product, for the resonant case λ = λ̃1, they
proved “a saddle point geometry” of the energy functional associated with (1.2) when 1 < p < 2 ≤ N . On
the other hand, they used an improved Poincaré inequality when p ≤ 2 < N and showed that the energy
functional has a “global minimizer geometry”.

In the case of an exterior domain, Anoop et al. [2] discussed the existence of solution of problem (1.1) with
a weaker assumption on weight than in [1] (see Definition 2.1 in the next section). By using the Fredholm
alternative for the p-Laplacian due to Fuč́ık et al. [11, Chapter II, Theorem 3.2], they obtained the existence
of solutions for problem (1.1) when λ ∈ (0, λ1 + δ) \ {λ1} for some δ > 0, where λ1 is the first eigenvalue of
−∆p in Bc

1 relative to the weight K (see [2, Proposition 3.1]).
The goal of this paper is to obtain multiple solutions of (1.1) for the resonant case λ = λ1 with a weaker

assumption on the weight than in [1]. This work can be seen as a complement to the Fredholm alternative
for the p-Laplacian in an exterior domain for the resonant case. It is worth mentioning that to deal with
the resonant case, we apply the second order Taylor formula for the energy functional associated with (1.1)
at the first eigenfunction φ1 of −∆p in Bc

1. To apply Taylor formula, we need to employ weighted spaces
in terms of φ1 with the weights singular or degenerate, on the set {∇φ1 = 0}. Surprisingly, the case of an
exterior domain differs substantially from the case of the entire space RN . The important point to note here
is the fact that, if K is radially symmetric and satisfies certain decay condition, the set {∇φ1 = 0} is a
removable set (i.e., the set of zero capacity) in the case of the entire space RN , whereas this is not true in
the case of an exterior domain (see, e.g., Remarks 2.14, 3.3 and 4.5). For this reason, to obtain a saddle
point geometry of the energy functional in the resonant case when 1 < p < 2, we need to introduce a new
condition for the source term h, which is of independent interest.

In order to state our main results rigorously, we need to introduce several definitions and special conditions
laid on K and h which require some preparatory considerations. For this reason, it is not appropriate to
place them in the introduction. Nevertheless, for the reader’s convenience, we formulate the main results
of this paper at least heuristically as follows. In the following statements, h and h∗ are supposed to be in
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