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and ¢1 is a positive first eigenfunction of the problem —V (a(x)V¢) = Aa(z)¢ under
Dirichlet boundary condition in 2. We construct solutions of this problem which
exhibit multiple concentration behavior around maximum points of a(x)¢; in the
domain as s — +o0.
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1. Introduction

Let £2 be a bounded domain in R? with smooth boundary. This paper deals with the analysis of solutions
of the boundary value problem

— V(a(z)Vv) = a(z)[e” — s¢1 — h(z)] in £,

1.1
v=20 on 0f2, (1.1)

where s > 0 is a large parameter, h € C%®(2) is given, a(z) is a smooth function over (2 and satisfies
a1 < a(z) < ap (1.2)

for some constants 0 < a1 < as < 400, ¢1 > 0 is an eigenfunction of 7$V(a(m)V~) with Dirichlet
boundary condition corresponding to the first eigenvalue A\;. Obviously, if we denote p(x) € Hi(£2) as a
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unique solution of

— V(a(z)Vp) = a(z)h(z) in £,
p=0 on 02,

then Eq. (1.1) is equivalent to solving for u = v + %gbl + p, the problem

— V(a(z)Vu) = a(z)k(z)e "1e" in £, (13)
u=20 on 042, .
where k(z) = e7?(®) and t = s/)\;.
Eq. (1.1) was motivated by the study of the following elliptic problem of Ambrosetti—Prodi type [1]:
—Av=e"—s¢1 — h(z) in £,
#1 (2) (1.4)
v=20 on 082,

where 2 C RY is a bounded smooth domain, h € C%%(£2), s > 0 is a large parameter and ¢; > 0 is
an eigenfunction of —A with Dirichlet boundary condition corresponding to the first eigenvalue \;. In the
early 1980s Lazer and McKenna conjectured that (1.4) has an unbounded number of solutions as s — +o0
(see [15]). If we set p(z) = (—=A)~'h in Hg(£2), then (1.4) is equivalent to solving for u = v + 5-¢1 + p, the
problem

— Au=k(z)e 1% in £,
(1.5)

u=20 on 912,

where k(z) = e ?®) and t = s/A\;. When N = 2, del Pino and Mufioz [12] gave a positive answer to the
Lazer-McKenna conjecture for problem (1.4) by constructing non-simple bubbling solutions of (1.5) with
the following asymptotic behaviors

! !
k(x)e tP1eut — SWZmiégi and  uy = ZmiGD(a:,&) +o(1),

i=1 i=1

where m; > 1, §;’s are maxima of ¢; and Gp(z, &) denotes the Green’s function of the problem
— A,Gp(z,§) = 8mde(x), = € 12,
GD(.Z‘,f):O, x € 012

It is quite surprising that this multiple bubbling phenomenon is in strong opposition to a slightly modified
version of Eq. (1.5), namely the Liouville-type equation

{ — Au = ’k(x)e" in £,

1.6
u=20 on 0f2, (1.6)

where € > 0 is a small parameter, 2 C R? is a bounded smooth domain and k(x) € C%(f2) is a nonnegative,
not identically zero function. Indeed, it is well known in [4,18,19,23] that if u. is a family of solutions
of Eq. (1.6) satisfying

. : 2 Ue —
gli% ||uEHLOO(Q) = +00 and 2%6 /Qk(:z)e dx = C < 400

then up to subsequences, C' = 8nl, I € N* and u, makes [ distinct points simple blow upon S = {&1,...,§} C
{2 such that

! !
e2k(z)ets — 871—2651. and Ue = ZGD(JU,&) + o(1).
i=1

i=1
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