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1. Introduction

The main purpose of this paper is to prove some generalized Gagliardo—Nirenberg interpolation
inequalities involving the Lorentz spaces LP**, BMO, and the fractional Sobolev spaces W*?  including
also C" Hoélder spaces.

It is well known that the Gagliardo—Nirenberg inequality plays an important role in the analysis of PDEs,
see e.g. [10,8,9,1,11,7,3] and the references therein. Thus, any possible improvement of this one could be
relevant for many purposes. First of all, let us recall some previous results involving the Gagliardo—Nirenberg
inequalities that we shall improve later:

For any 1 < ¢ < p < oo, the following interpolation inequality holds (see Nirenberg [10])
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More recently, in [9], McCormick et al. proved a stronger version of (1.1) involving the weak L? space
(denoted as L%°°) as follows:

1 zeeny < cll fllLa00 m 1 I gy (1.2)

Concerning the critical case s = n/2, McCormick et al. [9] obtained

1—
1oy < CLAIY e gy 1 a2 (1.3)

Note that (1.3) is better than (1.2) since [|f||prpromn) < c||f||H2 gny- Furthermore, they also showed a
stronger version of inequality (1.3) for the norm || f||,p.1(gn) instead of || f||Lp(mn) When ¢ > 1.
Another version of (1.1), in the critical case, was proved by Kozono and Wadade [8] (see also [1]):

q
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forany 1 < ¢ <p < o0, and for 1 < r < co.
In this paper, we enhance the results of McCormick et al., [9]. We shall prove a stronger version of (1.2)

||fHLpa R™) < C||f||Lq OO(R")Hf”Hs (R7™) (15)

In fact, we shall prove an interpolation inequality which implies (1.5) (see Theorem 2.1 below). After that,
we shall prove that (1.3) holds for ||f||ze.« instead of ||f|/zr, for any a > 0. Finally, we shall study the
Gagliardo—Nirenberg type inequality for the case sp > n of the fractional Sobolev space W*? | and also
the Lipschitz and Holder continuous space. Let us point out that although some of the results can be
alternatively obtained by using interpolation spaces (specifically, the reiteration theorem), the precise forms
of the inequalities stated here appear to be novel and, moreover, the proofs given in the present paper are
self-contained (save for the use of the John—Nirenberg inequality for the BMO result, which will be recalled
later) in contrast to the other mentioned approach.

For the reader convenience, we recall here the definition of the functional spaces that we use throughout
this paper. We define

1/«
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||9||Lq7a(Rn) :

The Lorentz spaces L%*(R™) includes all measurable functions g : R — R such that ||g|| ¢, ®n) < co. For
a definition of Lorentz spaces using rearrangement techniques see [12].
On the other hand, we recall that the space H*"(R"™), the homogeneous Sobolev space, is defined by

H*"(R") = {f € S'(R") : [(=2)3 f||r < o0},

In particular, we shall denote H®(R") = H*2(R"™) (see, for instance, [5]).
We denote the space of Lipschitz (or Holder) continuous functions of order 5 € (0,1] on R™ by C7(R™):
i.e. functions f such that

wp IO =TWI
It is useful to introduce the notation
|f(@) = fy)l
| fllen(mny = sup “———7——
@) z#y |z — y|n

(see. e.g. section 6.3 of [5]).
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