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Here A > Oisaparameter,and f (x, u) is (”;—,)Z-superlinear atinfinity. Existence of nontrivial
solution is established for arbitrary A > 0. We first prove the existence of nontrivial
solutions of the system for almost every parameter A > 0 by using Mountain Pass Theorem,
and then we consider the continuation of the solutions.
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1. Introduction

Let £2 be a bounded domain in RN with smooth boundary 8£2. We consider the following nonlinear eigenvalue problem
involving the p(x)-Laplacian:

—pluldiv (|VuP¥2Vu) = Af (x,u), ae.in £2, )
u=0, onadsf2.

Herep : 2 — (1, +00) is a continuous function, [u] is a non-local term defined by the following relation

pt

1 ! 1 1
nlul =2+ (f —|Vu|l’(")dx> + </ —|Vu|f’<*>dx> ,
2 p(x) 2 PX)

and f € C($2 x R) is superlinear and do not satisfy Ambrosetti and Rabinowitz type growth condition, A > 01is a parameter.
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Mihailescu and Stancu-Dumitru in [1] established an existence of nontrivial solution for problem (P), by assuming the
following conditions:

(f1) f : 2 x R — R satisfies Caratheodory condition and
e wl < c+u®™), Vit e2 xR,

Np~
N—p~*

— 2
where o € C(£2) and (ppg <o <ot <
2
(f,) there exist6 > (pp; and ty > 0 such that
0 <@F(x,t) <f(x,0)t, VYxe £2,tecRwith|t] > to,

where F(x, t) = fotf(x, s)ds.
(f3) forany A € (0, A1) the following relation holds true

M)

[t|po—2¢ <

for any t € R satisfying |[t|] < 1and x € £2.

For the case, when p(x) = 2, the problem (P) has been studied extensively by many researchers, who tried to drop the
above condition (f3), see for instance, [2-6]. It is well known that, the condition (f;) is quite important in the sense that, it
not only ensures that the Euler-Lagrange functional associated with problem (P) has a mountain pass geometry, but also
guarantees that the Palais—Smale sequence of the Euler-Lagrange functional is bounded. However, this condition is very
strong, and thus undoubtedly eliminates many nonlinearities. We recall that (f,) implies another weaker condition

+12
IF(x, )] > c1lt]’ — 3, c1,6,>0,x€ 2,t e Rand6 > (1; ) )

. . (pt)? . e
This says that f (x, t) is (’Jp—)—superlmear at infinity in the sense that

, , e
(f5) limpe— oo % = +oowitht = (‘;—_), uniformly a.e.x € £2.

In [1], the author considered problem (P) with a particular nonlinearity

[tPO2e, ] < 1,
X, t) = _
f&x, 0 {|t|r(x) 2% |t > 1.

This means that f (x, t) satisfies Ambrosetti and Rabinowitz type growth condition ((A-R) type conditions for short). Using
the mountain-pass theorem of Ambrosetti and Rabinowitz, the author obtained the existence of a continuous family of
eigenvalue lying in a neighborhood at the right of the origin.

In this paper, we consider problem (P) in the case when the nonlinear term f (x, t) is (‘%)z—superlinear at infinity but
does not satisfy the (A-R) type condition (f,) as in [1]. More precisely, we assume that f (x, t) satisfies the following general
conditions:

(hy) f : £2 x R — R satisfies Caratheodory condition and
fFxw) < c3+calul*™@", V(x,t) € 2 xR,

where o € C;(2) and p* < @~ < a(x) < p*(x).

(hy) the following limit holds uniformly for a.e. x € £2,

F ,t +32
(x ):+oo, WhereQZ(Z).

m
ltl—oc [t
(h3) f(x,t) = o(|t]P®~2r), t — 0, for x € £2 uniformly.
(hs) there exists ty > 0 such that for Vx € £2,
f&xt)

tpt -1

isincreasing in t > ty and decreasing in t < —tg.

We remark that the function f (x, t) = t*®~1(«(x) Int + 1) satisfies condition (h,), but it does not satisfy (f,) if 2o~ >
%,)2 > a™. Moreover, the condition (h4) implies another much weaker condition, that is,
(h},) There is C, > 0, such that
tf (x, ) =pTF(x, £) < sf(x,5) = p"F(x,5) + C.

forall0 <t <sors <t <0.

Following along the same lines as in [6], we can obtain the existence of the nontrivial weak solution for all A > 0.

The remainder of the paper is organized as follows. In Section 2, we will recall the definitions and some properties of
variable exponent Sobolev spaces. In Section 3 we will state and prove the main results of the paper.
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