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a b s t r a c t

In this paper, we revisit theMordukhovich subdifferential criterion for Lipschitz continuity
of nonsmooth functions and the coderivative criterion for theAubin/Lipschitz-like property
of set-valued mappings in finite dimensions. The criteria are useful and beautiful results in
modern variational analysis showing the state of the art of the field. As an application, we
establish necessary and sufficient conditions for Lipschitz continuity of the minimal time
function and the scalarization function, which play an important role in many aspects of
nonsmooth analysis and optimization.
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1. Introduction and preliminaries

Lipschitz continuity is an important concept in mathematical analysis. In modern variational analysis, it has been
generalized for set-valued mappings. Among many extensions, the pseudo-Lipschitzian property, introduced by Aubin [1],
has been well recognized as a natural and useful one. It is now called by different names, such as the Aubin property or the
Lipschitz-like property. The concept has been used extensively in the study of sensitivity analysis of optimization problems
and variational inequalities. It also plays an important role in developing generalized differentiation calculi for nonsmooth
functions and set-valued mappings; see [2,3] and the references therein for more discussions on the history of the concept,
as well as many important applications to variational analysis, optimization, and optimal control.

Recall that a set-valued mapping F : Rm ⇒ Rn has the Aubin property around (x̄, ȳ) ∈ gphF := {(x, y) ∈ Rm
× Rn

| y ∈

F (x)} if there exist neighborhoods V of x̄, W of ȳ, and a constant ℓ ≥ 0 such that

F (x) ∩ W ⊆ F (u)+ ℓ∥x − u∥B for all x, u ∈ V .

The first effort to characterize the Aubin property using generalized differentiation wasmade by Rockafellar [4]. A sufficient
condition for F to have the Aubin property around (x̄, ȳ) ∈ gphF was given as follows:

[(u, 0) ∈ NC ((x̄, ȳ); gphF )] ⇒ u = 0,

where NC ((x̄, ȳ); gphF ) is the Clarke normal cone to gphF at (x̄, ȳ); see [5].
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However, the Clarke normal cone is too large to be able to recognize the Aubin property of set-valued mappings in many
different settings; see more discussions in [6,7]. Therefore, a natural question is to find a necessary and sufficient condition
for this property using smaller normal cone structures, and theMordukhovich/limiting normal cone [8] gives an answer to this
question. The implication

[(u, 0) ∈ N((x̄, ȳ); gphF )] ⇒ u = 0 (1.1)

in terms of theMordukhovich normal cone N((x̄, ȳ); gphF ) to gphF at (x̄, ȳ) is indeed a necessary and sufficient condition
for F to have the Aubin property around (x̄, ȳ). This striking result was first proved by Mordukhovich in [6, Theorem 5.4].
It is now called the Mordukhovich coderivative criterion for the Aubin property. We will get back to the idea behind Mor-
dukhovich’s proof after presenting some important concepts of variational analysis. Readers are referred to [2,3] for more
details.

Let F : Rm ⇒ Rn be a set-valued mapping. The domain of the mapping is

domF := {x ∈ Rm
| F (x) ≠ ∅}.

Given x ∈ Rn and a subsetΩ ⊆ Rn, the distance function from x toΩ is given by

d(x;Ω) := inf{∥x − ω∥ | ω ∈ Ω}.

The set

Π(x;Ω) := {ω ∈ Ω | d(x;Ω) = ∥x − ω∥}

is called themetric projection from x toΩ .
The following function defined on Rm

× Rn will play an important role throughout the paper:

D(x, y) := d(y; F (x)). (1.2)

LetΩ ⊆ Rn, and let x̄ ∈ Ω . A vector v ∈ Rn is called a Fréchet normal toΩ at x̄ if

lim sup
x
Ω
−→x̄

⟨v, x − x̄⟩
∥x − x̄∥

≤ 0.

The set of all Fréchet normals toΩ at x̄ is called the Fréchet normal cone toΩ at x̄, denoted byN(x̄;Ω).
A vector v ∈ Rn is called a limiting normal to Ω at x̄ if there are sequences xk

Ω
−→ x̄ and vk → v with vk ∈ N(xk;Ω). In

this definition, the notation xk
Ω
−→ x̄ means that xk → x̄ with xk ∈ Ω for every k. The set of all limiting normals toΩ at x̄ is

called the Mordukhovich/limiting normal cone to the set at x̄, and is denoted by N(x̄;Ω).
Let ψ : Rn

→ (−∞,∞] be an extended real-valued function, and let x̄ be an element of the domain of the function
domψ := {x ∈ Rn

| ψ(x) < ∞}. The Fréchet subdifferential of ψ at x̄ is defined by

∂ψ(x̄) :=


v ∈ Rn

| lim inf
x→x̄

ψ(x)− ψ(x̄)− ⟨v, x − x̄⟩
∥x − x̄∥

≥ 0

.

The limiting/Mordukhovich subdifferential of ψ at x̄, denoted by ∂ψ(x̄), is the set of vectors v ∈ Rn such that there exist

sequences xk
ψ
−→ x̄, and vk ∈ ∂ψ(xk) with vk → v. The singular subdifferential of ψ at x̄, denoted by ∂∞ψ(x̄), is the set of

all vectors v ∈ Rn such that there exist sequences λk ↓ 0, xk
ψ
−→ x̄, and vk ∈ ∂ψ(xk) with λkvk → v. In these definitions,

xk
ψ
−→ x̄ means that xk → x̄ with ψ(xk) → ψ(x̄), and λk ↓ 0 means that λk → 0 with λk ≥ 0 for every k. Both the Fréchet

construction and the limiting subdifferential construction reduce to the subdifferential in the sense of convex analysis when
the function involved is convex. Moreover, if ψ is lower semicontinuous around x̄, one has the following representation:

∂∞ψ(x̄) = {v ∈ Rn
| (v, 0) ∈ N((x̄, ψ(x̄)); epi ψ)}.

An extended real-valued function ψ : Rn
→ (−∞,∞] is called Lipschitz continuous around x̄ ∈ domψ if there exist a

constant ℓ and a neighborhood V of x̄ such that

|ψ(x)− ψ(u)| ≤ ℓ∥x − u∥ for all x, u ∈ V .

If this equality is replaced by

|ψ(x)− ψ(x̄)| ≤ ℓ∥x − x̄∥ for all x ∈ V ,

we say that ψ is calm at x̄.
Let F : Rm ⇒ Rn be a set-valued mapping, and let (x̄, ȳ) ∈ gphF . The Mordukhovich/limiting coderivative of F at (x̄, ȳ)

is a set-valued mapping, denoted by D∗F (x̄, ȳ) : Rn ⇒ Rm defined by

D∗F (x̄, ȳ)(v) := {u ∈ Rm
| (u,−v) ∈ N((x̄, ȳ); gphF )}.

The necessary and sufficient condition (1.1) for F to have the Aubin property around (x̄, ȳ) ∈ gphF can be equivalently
represented in terms of the Mordukhovich coderivative in the theorem below.
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