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In this paper, we give an exact asymptotic of the unique solution to the following singular
boundary value problem —Au = a(x)g(u),x € £2,u > 0, in2,u;e = 0. Here 2 isa
C?%-bounded domain in R* (n > 2),g € C'((0, 00), (0, 00)) is nonincreasing on (0, 00)

with lim,_,o g'(¢t) fot ds —Cg; < 0 and the function aisin (j}.(£2), 0 < o < 1 satisfying

g =

. oax) . a(x)
0 < a; = liminf < lim sup =
d—0 h(d(x)) dw—0 h(dXx))

a < oo,

where h(t) = ct™ exp(/r'7 @ds), A < 2,c > 0 and z continuous on [0, 5] for some
n > 0 such that z(0) = 0. Two applications of this result are also given. The first concerns
the boundary behavior of the unique solution of —Au + §|Vu|2 = a(x)g(u) that vanishes
on the boundary and the second concerns the behavior of u in the case where the open

set §2 is an annular and the behaviors of the function a on the interior boundary and the
exterior boundary may be different.
© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Let £2 be a C2-bounded domain in R*, n > 2, a be a nonnegative function in Coe(£2), (0 < @ < 1) and g be a nonnegative
nonincreasing function on (0, co). The singular nonlinear Dirichlet problem

(1.1)

—Au =akx)g(u), x¢€ 52,
u>0, in2,upe =0,

has been extensively studied and the questions of existence, uniqueness and the boundary behavior are investigated.
The problem (1.1) arises in the study of non-Newtonian fluids, boundary layer phenomena for viscous fluids, chemical
heterogeneous catalysts, as well as in the theory of heat conduction in electrical materials (see [1-4] and the references
therein).

When a = 1 on 2, Crandall, Rabinowitz and Tartar showed in [1] that problem (1.1) has a unique classical solution u in
£2 such that

c1p(d(x)) < u(x) <cyp(d(x)), neartheboundary of £2,
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where cq, ¢, are positive constants, d(x) is the Euclidean distance from x to the boundary and p is the local nonnegative
solution of the problem —p”(s) = g(p(s)) in (0, n), p(0) = 0. In particular for g(t) = t~7, y > 1, the solution u satisfies
2 2
c1 (dx) ™ <u(x) <c, (d(x))™ , nearthe boundary of £2. (1.2)

In [5], Lazer and Mckenna showed that for g(t) = t= (y > 1) the inequality (1.2) continues to hold on £2 and instead of
a = 1in £2, they assume that

0 < by <ax)(d(x))” <b,, forallxe 2,

where b1, b, are positive constants and o € (0, 2). Then they proved that for y > 1, there exist positive constants c; and ¢,
such that

o (d(X))% <u®) <c (d(x))% , forxe 2.

When a € (C%(£2) satisfies the following assumptions: there exist §, > 0 and a positive non-decreasing function
k1 € C(0, §p) such that

(a01) I%md(x)ﬁ() ,ﬁ‘zf,% =ap € (0, 00),
(a02) limy_o+ ki (£)g(t) = 00

and g € C!((0, 00), (0, 00)) with lim,_, o+ g(s) = oo and g is non-decreasing on (0, co) and satisfies the following
conditions

(g01) there exist positive ¢y, np and y € (0, 1) such that g(s) < cos77, Vs € (0, no);
(g02) there exist® > 0and sy > 1suchthatg(&s) > £ %g(s)forall& € (0,1)and 0 < s < 5o&;

(g03) the mapping & € (0, 00) — T(£) = lim,_, o+ ggg is a continuous function;
Ghergu and Radulescu [6] showed that the unique solution u of problem (1.1) satisfies u € C*1~%(2) N C?(£2) and
u(x)

d(lxl)lgo Y3 (d(x)) o, (13)
where T(&) = bo and ¥3; € C([0, 81]) N C2((0, 81]) (81 € (0, 8&)) is the local solution of the problem -y (t) =
ki(®)g (Y3 (1)), ¥3(t) > 0,0 <t < &1, ¥3(0) =0.

In [7], Zhang extended the result of Ghergu and Radulescu [6] to the case where g is normalized regularly varying at zero
with index —y (y > 0) and k; in (ag1) is normalized regularly varying at zero with index —8 (8 € (0, 2)).

Recently, Ben Othman et al. [8] and Gontara et al. [9] extended the results of [6,7] to a large class of functions a which
belongs to the Kato class K(£2) and g is normalized regularly varying at zero with index —y (y > 0). In particular, they
established an exact boundary behavior of the unique classical solution of the problem —Aw = a(x), ® > 0in £2, wjp =0,
when a satisfies

(ap3) a € Cp.(82) forsome 0 < a < 1, is positive in £2 and

0 <d; = limin a() <l'msup&:a’
d(XHO kid®) = dw—o0 ki(d(x))

with
m
ki(0) =t [ [ (logi(t™) ™, t € (0,8). (1.4)
i=1
where log;(t™1) = logologologo---olog(t™ ) and uy = py =+ =pj—1 = 1, u; > land u; € Rforj+1<i<m.

Inspired by some ideas in [8,9], the authors in [ 10] extend the previous results on the boundary behavior of the solution
u of problem 1.1 to the case where k; is given by (1.4) or k; lies into a class of functions A that was introduced by Cirstea and
Radulescu in [11] for non-decreasing functions and by Mohammed in [12] for nonincreasing functions as the set of positive
monotonic functions k € C1((0, 83)) NL'(0, 8y) (6 > 0) which satisfy

li g @ = [0 K(t) = t] d
fi%l+dt(l<(t)>_pk€ + 00), ()_/0 (s) ds

and the function g € C1((0, 00), (0, 00)), decreasing on (0, co) with lim,_, o+ g(s) = oo and satisfies

(804) there exists Cg > 0 such that limy_, o+ g'(s) fos g‘x) = —GC,.

They proved separately, under these conditions on g, the following two theorems.
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