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a  b  s  t  r  a  c  t

Dark  solitons  draw  much  attention  due  to their stable  transmission  property  in nonlin-
ear optics.  In  this  paper,  the  variable  coefficient  nonlinear  Schrödinger  equation  is  solved
by the  Hirota  method,  and  a new  type  of  dark  solitons  with  periodic  oscillations  is  pre-
sented.  Oscillations  can  be achieved  without  any  external  influence  on them.  The  frequency
and  amplitude  of dark  soliton  oscillations  can be  controlled  by  adjusting  corresponding
parameters.  We  hope  those  results  are helpful  for  the dark  soliton  investigation.
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1. Introduction

Optical solitons were demonstrated theoretically and experimentally in 1973 and 1980 [1,2]. Shortly afterwards, dark
solitons were observed in 1987 [3]. Generally, the stable optical soliton is generated when the group velocity dispersion is
balanced with the Kerr nonlinearity in single mode fibers [4–10]. In the anomalous dispersion region, solitons are transmitted
as bright solitons, while solitons are transmitted as dark solitons in the normal dispersion region, and some theoretical
and experimental work have been carried out based on bright and dark optical solitons [11–17]. Dark solitons appear as
inverted bell-shaped local depressions on a non-zero plane, and no energy field exists within the depressions [18]. Compared
with bright solitons, dark solitons have the advantages of slower pulse broadening, slower amplitude attenuation and less
influence of various disturbances with the same loss and transmission distance [19–22]. Under the same noise influence, dark
solitons are also less affected by noise than bright solitons, and interactions between dark solitons are weaker than bright
solitons. Because of those advantages, dark solitons are more suitable than bright solitons for the transmission of optical
communications. Dark solitons are also used in optical waveguides and optical switches [23–25]. Moreover, dark solitons
have drawn much attention from researchers for their potential applications in long-distance optical communications and
ultra-fast optics [23–28].

Dark solitons described by nonlinear Schrödinger (NLS) equations have been discussed by some researchers [29–35].
The dark soliton with oscillatory background density, solved by two-coupled NLS equation, has been first reported [29].
The interaction and dynamics of periodic solitons derived from two-coupled NLS equation have been investigated [30]. The
nonlinear tunneling of dark solitons worked out from the variable coefficient NLS equation has been explored [31,32]. The
stability analysis of dark solitons have been discussed [33–35].
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In this paper, dark solitons with periodic oscillations will be obtained by solving the following variable coefficient NLS
equation with the Hirota’s method,

∂A

∂z
− i

D(z)
2

∂2
A

∂t2
+ i�(z)|A|2A = g(z)A. (1)

z is the ordinate representing the propagation distance, and t is the propagation time. A(z, t) indicates the temporal envelope.
�(z), D(z) and g(z) respectively represents a Kerr nonlinear coefficient, the group-velocity dispersion(GVD) coefficient and
the loss or gain coefficient.

In this paper, we obtain two groups of dark solitons according to one soliton solution of Eq. (1). Moreover, dark solitons
in those two groups oscillate periodically. The realization of those oscillations do not require external influence on it. And
we study them by changing the corresponding parameters. The dark soliton with periodic oscillation has not been reported
before. We hope our research will be helpful for the development of dark solitons and optical communications.

We organize the paper as shown below. In Section 2, we will use the Hirota method to obtain one soliton solution of Eq.
(1). In Section 3, new dark soliton structures with periodic oscillations will be derived and discussed. In Section 4, we will
get the conclusion.

2. Analytic one soliton solution

We  firstly introduce the independent variable transformation so as to get the one soliton solution of Eq. (1),

A(z, t) = h(z, t)
f (z, t)

, (2)

where the function h(z, t) is complex, and the function f(z, t) is real. Then, the bilinear form of Eq. (1) can be obtained with
symbolic computation,
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t − ig(z) + �(z)]h · f = 0, (3)

[D(z)D2
t + 2�(z)]f · f + 2�(z)|h|2 = 0, (4)

where �(z) is a function to be determined. Moreover, the bilinear operators Dz and Dt can be defined by
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By introducing the power series expansion of functions h(z, t) and f(z, t) as following, Eq. (3) can be solved,

h(z, t) = h0(z, t)[1 + εh1(z, t) + ε2h2(z, t) + ε3h3(z, t) + · · ·], f (z, t) = 1 + ε

f1(z, t) + ε2f2(z, t) + ε3f3(z, t) + · · ·,

where ε is a expansion parameter. And in order to derive one soliton solution, we  can hypothesis that

h(z, t) = h0(z, t)[1 + εh1(z, t)], (5)

f (z, t) = 1 + εf1(z, t), (6)

where

h0(z, t) = deQ0(z,t), h1(z, t) = −eQ1(z,t), ; f 1(z, t) = meQ1(z,t),

Q0(z, t) = ia(z) + ibz, ; Q 1(z, t) = k(z) + wt + ı.

Substituting expressions (5) and (6) into the bilinear form, we have

m = 1, ; �(z) = −1
4
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,
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∫
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4

∫
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where d, b, w, ı are arbitrary parameters. Finally, one soliton solution of Eq. (1) can be solved as

A(z, t) = h0(z, t)[1 + εh1(z, t)]
1 + εf1(z, t)
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