
Optik 160 (2018) 1–7

Contents lists available at ScienceDirect

Optik

journa l homepage: www.e lsev ier .de / i j leo

Original  research  article

Modeling  the  fractional  non-linear  Schrödinger  equation  via
Liouville-Caputo  fractional  derivative

V.F.  Morales-Delgado a,  J.F.  Gómez-Aguilar b,∗,  M.A.  Taneco-Hernández a,
Dumitru  Baleanu c,d

a Facultad de Matemáticas, Universidad Autónoma de Guerrero, Av. Lázaro Cárdenas S/N, Cd. Universitaria, Chilpancingo, Guerrero,
Mexico
b CONACyT-Tecnológico Nacional de México/CENIDET, Interior Internado Palmira S/N, Col. Palmira, C.P. 62490 Cuernavaca, Morelos,
Mexico
c Cankaya University, Faculty of Art and Sciences, Department of Mathematics, Balgat 0630, Ankara, Turkey
d Institute of Space Sciences, P.O.BOX, MG-23, R 76900 Magurele-Bucharest, Romania

a  r  t  i c  l  e  i  n  f  o

Article history:
Received 5 January 2018
Accepted 27 January 2018

Keywords:
Liouville-Caputo derivative
Modified homotopy analysis transform
method
Exact solutions
Ultra-short optical solitons

a  b  s  t  r  a  c  t

In this  paper  the  modified  homotopy  analysis  transform  method  is  applied  to obtain  approx-
imate  analytical  solutions  of  the  time-fractional  non-linear  Schrödinger  equation.  The
fractional  derivative  is described  in  the  Liouville-Caputo  sense.  The  solutions  are obtained
in the  form  of rapidly  convergent  infinite  series  with  easily  computable  terms.  New exact
solutions  are  constructed  under  constraint  conditions.  Employing  theoretical  parameters,
we present  some  numerical  simulations.
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1. Introduction

The non-linear Schrödinger equations (NLSE) describing wave propagation in dispersive and inhomogeneous media, such
as plasma phenomena, nonlinear optics, hydrodynamics, non-uniform dielectric media and the propagation of optical pulse
in nonlinear media [1–12]. This equation exhibit solitary type solutions which are often applied to optical pulses in optical
fibers, ultra-short optical solitons propagate in nonlinear medium and optical fibers.

Fractional Calculus (FC) represents complex physical phenomena more accurate and efficient than classical calculus.
In recent years, many field of sciences and technology have used fractional order derivatives to model many real world
problems. The fractional orders of differentiation highlight the intermediate behaviours that cannot be modeled by ordinary
equations. FC shows superiorities in describing complex dynamical systems associated with system memory and hereditary
properties of various processes [13–17]. In general, the integer model does not carry any information about the memory and
learning mechanism. In the evolution equations, the growth rates depend only on the current state. Nevertheless, in many
situations the growth rate is also dependent on the history of that density or its memory. The fractional-order differential
equations have non-local properties (this means that the next state of a model depends not only upon its current state, but
also upon all its preceding states, which expresses that the system’s response at any time will be affected by all previous

∗ Corresponding author.
E-mail address: jgomez@cenidet.edu.mx (J.F. Gómez-Aguilar).

https://doi.org/10.1016/j.ijleo.2018.01.107
0030-4026/© 2018 Elsevier GmbH. All rights reserved.

https://doi.org/10.1016/j.ijleo.2018.01.107
http://www.sciencedirect.com/science/journal/00304026
http://www.elsevier.de/ijleo
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijleo.2018.01.107&domain=pdf
mailto:jgomez@cenidet.edu.mx
https://doi.org/10.1016/j.ijleo.2018.01.107


2 V.F. Morales-Delgado et al. / Optik 160 (2018) 1–7

responses), so consider the past and distributed effects of any physical system. Therefore, any dynamical process modeled
through fractional order differential equations has a memory effect [18].

Exists in the literature several definitions of fractional-order derivatives can be used to solve the problems of fractional
differential equations. These definitions include, Riemann-Liouville, Grünwald-Letnikov, Riesz, Liouville-Caputo, among
others [19]. The Liouville-Caputo fractional-order derivative is based on the convolution of the local derivative of a given
function with power law function. For this operator, the derivative of a constant is zero and we can define, properly, the initial
conditions for the fractional differential equations which can be handled by using an analogy with the classical ordinary
derivative.

Finding accurate and efficient methods for solving fractional non-linear differential equations (FNLDEs) has been an
active research undertaking. Many methods are usually used to handle the non-linear equations, for instance, Hermite
collocation method [20], invariant subspace method [21], optimal homotopy asymptotic method [22], q-homotopy analysis
transform technique [23], Adomian descomposition methods [24] and homotopy analysis Laplace transform method [25,26].
The homotopy analysis transform method with homotopy polynomials (MHATM) was proposed in [27], this method is an
analytical technique based in the combination of the homotopy analysis method and Laplace transform with homotopy
polynomial. In [27] the MHATM was considered to solving the time-fractional Keller-Segel model considering the Liouville-
Caputo fractional derivative. A convergence analysis of MHATM was obtained by the proposed method and verified through
different graphical representations.

The aim of this paper is obtain analytical and approximate solutions for fractional NLSE which describes the propagation of
ultrashort optical solitons in high-order dispersion using homotopy analysis transform method with homotopy polynomials
via Liouville-Caputo fractional-order derivatives. The paper is organized as follows. The generalized nonlinear Schrödinger
equation and the MHATM are discussed in the Section 2. The application of the MHATM and numerical simulations are
reported in Sections 3 and 4, the conclusions are discussed.

2. Generalized non-linear fractional Schrödinger equation

The generalized non-linear Schrödinger equation describes the propagation of ultra-short optical solitons through
parabolic law medium in high-order dispersion [1]. In Liouville-Caputo sense we  have the following equation
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with initial conditions

u(x, 0) = eix, u′(x, 0) = u′′(x, 0) = u′′′(x, 0) = 0, (2)
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In Eq. (1), the depend variable u(x, t) represent the normalized electric-field envelope and C
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t are Liouville-Caputo

fractional-order derivatives. This equation consider the group velocity dispersion, third-order dispersion, fourth-order dis-
persion and self-steepening [1]. The variable x represents the longitudinal coordinate along the optical fibers and t represents
the time coordinate in a reference frame that moves with the pulse group velocity [28].

The Liouville-Caputo fractional derivative (C) is presented as [19]
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where �(·) denotes the Gamma  function.
Laplace transform to Liouville-Caputo fractional-order derivative gives [19]
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3. Homotopy analysis transform method with homotopy polynomials

The modified homotopy analysis transform method (MHATM) was  proposed in [27]. The method is an analytical technique
based in the combination of the homotopy analysis method and Laplace transform with homotopy polynomial. The main
steps of this method are described as follows:

Step 1. Let us consider the following equation

D˛t {f (x, t)} + �[x]f (x, t) + �[x]f (x, t) = �(x, t), t > 0, x ∈ R, 0 <  ̨ ≤ 1, (5)
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