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This paper  obtains  bright,  dark and singular  dispersive  optical  soliton  solutions  to
Schrödinger–Hirota  equation  by  the  aid  of  trial equation  method.  Both  Kerr  and power  laws
of nonlinearity  are  studied.  Singular  periodic  solutions  are  also obtained  as  a  byproduct  of
this  scheme.
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1. Introduction

Dispersive optical solitons are a reality when higher order dispersions are present in addition to the necessary group
velocity dispersion (GVD) and spatio–temporal dispersion (STD) that provide the balance between GVD, along with STD
and nonlinearity. Thus, the governing nonlinear Schrödinger’s equation (NLSE) with third order dispersion is transformed
to Schrödinger–Hirota equation (SHE), upto the first order of approximation, by Lie transform. This SHE is the standard
model that is studied across the globe to address dispersive optical solitons [1–10]. There are several forms of integration
architecture that has been successfully implemented in the past to analyze SHE. They are traveling wave hypothesis, method
of undetermined coefficients, extended trial equation method, Darboux transform, Bäcklund transform, G′/G – expansion
method and several others. All of these methodologies have successfully retrieved dispersive soliton solution to SHE. This
paper will apply yet another scheme that will fetch soliton solutions to the model. This is the trial equation method. After a
quick review of the scheme, the details are sketched out in subsequent sections. For a complete analysis, both Kerr law and
power law nonlinearity are considered.
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2. Succinct pen-picture of trial equation method

In this section we outline the main steps of the trial equation method as following:
Step-1:  Let the nonlinear evolution equation with time–dependent coefficients to be studied take the form:

P(u, ut, ux, utt, uxt, uxx, . . .)  = 0 (1)

can be converted to an ordinary differential equation:

Q (U, U ′, U ′′, U ′′′, . . .)  = 0 (2)

with a traveling wave hypothesis u(x, t) = U(�), � = x − vt,  where U = U(�) is an unknown function, Q is a polynomial in the
variable U and its derivatives. If all terms contain derivatives, then Eq. (2) are integrated with integration constants taken to
be zeros, without any loss of generality.

Step-2: Choose the trial equation

(
U ′)2 = F (U) =

N∑
l=0

ılU
l (3)

where ıl, (l = 0, 1, . . .,  N) are constants to be determined. Substituting Eq. (3) and other derivative terms such as U ′′ or U ′′′

and so on into Eq. (2) leads to a polynomial G(U) in U. Based on the balancing principle we  can determine the value of N.
Setting the coefficients of G(U) to zero, we get a system of algebraic equations. Solving this system, we can determine v and
values of ı0, ı1, . . .,  ıN.

Step-3: Transform Eq. (3) to the integral form

±
(
� − �0

)
=

∫
dU√
F (U)

(4)

Based on classification of the discriminant of the polynomial, we classify the roots of F(U), and solve the integral Eq. (4).
This, finally gives the exact solutions to Eq. (1).

3. Application to she

This section will detail the application of trial equation method to SHE. The extraction of soliton solutions will be the
target. The study will also reveal additional solutions apart from solitons, as will be seen. The analysis will now be split into
two subsections depending on the type of nonlinearity in question.

3.1. Kerr law

The dimensionless form of the perturbed SHE with STD and Kerr law nonlinearity is given by [1–3]

iqt + aqxx + bqxt + c|q|2q + i
(
�qxxx + �|q|2qx

)
= i˛qx + i�

(
|q|2q

)
x

+ i�
(
|q|2

)
x
q (5)

where a represents GVD and b is the STD term. From perturbation terms, � represents the third order dispersion (3OD)
coefficient, � and � represent the nonlinear dispersion,  ̨ is the inter-modal dispersion and � is the self steepening term.
The inclusion of STD terms is a necessity to provide well-posedness to the model, a fact that was first pointed out during
2012 [7,9].

In order to solve this equation by the trial equation method, the following solution structure is selected

q(x, t) = U(�)ei�(x,t) (6)

where the wave variable � is given by

� = k (x  − vt) .  (7)

Here, U(�) represents the amplitude component of the soliton solution and v is the speed of the soliton, while the phase
component �(x, t) is defined as

�(x, t) = −�x + ωt + 
, (8)

where � is the frequency of the soliton, ω is the wave number, while 
 is the phase constant.
Substituting (6) into (5) and decomposing into real and imaginary parts lead to

k2 (a − bv + 3��)U ′′ −
(
ω + a�2 − b�ω + ��3 + ˛�

)
U + (c + �� − ��)U3 = 0, (9)

�k3U ′′ + k
(
b�v + bω − v − 2a� − 3��2 − ˛

)
U − k

3
(3� − � + 2�)U3 = 0. (10)
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