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1. Introduction

Several types of exact solutions have been investigated in many nonlinear evolution equations [1-16]. Solitons which
arise due to the balance of the dispersive and nonlinear terms are a class of stable waves [1-4,17-19]. Under the continuous
wave background the breather solution is often established. Breathers can be seen as the localized oscillating solitons in
which the energy distribution is localized and periodic. According to the propagation characteristics, they are divided into the
Kuznetsov-Ma breather (periodic in time but localized in space) and the Akhmediev breather (periodic in space but localized
intime)[5,6]. There exists another kind of the localized solution, the Peregrine soliton (PS), which can well describe the rogue
waves (RWs) [7,16]. As the limiting case of the breather solution, it is localized both in spatial and time. Recent studies have
shown that the higher-order terms can lead to the conversion of nonlinear localized and periodic waves on the continuous
wave background [20-23]. The dynamic breather-to-soliton and RWs-to-soliton conversions have been established in some
nonlinear systems [24-26].

In this paper, we focus on a generalized higher-order nonlinear Schrédinger (NLS) equation in the operator form

iy + S[Y(x, £)] — iaH[Y(x, £)] + yP[Y(x, £)] = O, (1.1)
where

S[Y(x, t)] = %Vftt +YIY12, HIY(, 0] = Ve + 69 Y2,

PYr(x, )] = Yuaee + 6YIWI? + AWIWF12 + 8P [WI? + 6Y 2y + 292475
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S, H and P denote the nonlinear Schrodinger operator, the Hirota operator, and the Lakshmanan-Porsezian-Daniel (LPD)
operator respectively. Eq. (1.1) has two independent coefficients: « and y, in which the third-order and fourth-order linear
dispersion and other nonlinear terms such as Kerr effects, cubic quintic nonlinearity, self-steepening and self-frequency
shift are taken into consideration. When y =0, without considering the LPD operator, Eq. (1.1) becomes the Hirota equation
[22].If ¢=0, Eq. (1.1) is known as the LPD equation modeling a general class of the one-dimensional continuum Heisenberg
spin chain [23].

The integrability, Lax pair, and lower-orders soliton solutions of Eq. (1.1) have been demonstrated [27] and the existence
of N-soliton by the bilinear method has been investigated in [28]. Furthermore, the Kuznetsov—-Ma breather and Akhmediev
breather on the continuous wave background has presented [29]. In this paper, we display a breather solution expression with
two free parameters on the plane-wave background and derive some new types of nonlinear localized and periodic solutions,
such as multi-peak soliton, antidark soliton, W-shaped soliton and periodic wave. Finally, we provide some examples of
breathers into solitons and analyze the interaction behaviors of these nonlinear waves.

2. Different types of nonlinear waves

For Eq. (1.1), we can use the Darboux transformation (DT) technique to generate the breather solution on the plane wave
background. Substituting the seed solution %! = k exp[i(Gx + Ft)] by the Lax pair given in [27], we obtain the first order linear
functions rq and s; in the form

r1 = 2ie” /246X gin[p), (2.1a)
s1 = 2eli/2+6V) cog[C]. (2.1b)

From the onefold DT, the first-order breather solution is

Yl = (1 + me%m) eX(1+67) (2.2)
1

where

K=k +iki=/1+22=\/1+(a+ib?, A=A +iA,
X = Xr+ix; =arccos[k], B=A-x/2, C=A+x/2,
N; = cosh[2A;] sin[ x| — sin[2A;] cosh] x;],
N; = sinh[2A;] cos[ x;] — cos[2A;] sinh] x;],
D = cosh[2A;] cosh[ x;] — sin[2A;] sin[ xr].
A is a spectral parameter, and
Ar =ty +2Vy, Aj =tk + 2V,
Vr = drkr — dik;, Vi = drkr + dik;,
dr =a+am +ynz, di=b—oan3+yns,

with 11 =2(1 —2a2 +2b?), np =2a(n; +8b?), n3=8ab and n4 =2b(n; —8a?). To simplify we fix the values of the amplitude k
and the frequency F of the background in the above expression. Solution (2.2) depends on four independent parameters:
the coefficients of the higher-orders effects «, y, and the real parameters qa, b. By adjusting their values to meet certain
relations, we can present the breather-to-soliton conversions and derive different types of wave structures in solution (2.2).
Since both N and D are composed of the trigonometric function and the hyperbolic function. Solution (2.2) characterizes an
unified structure combined a soliton and a periodic wave with the propagation velocities V;/k; and V;/k; respectively. Based
on the velocity difference, some new types of nonlinear wave structures can be clearly demonstrated in the following two
cases:

Case 1 - Vi« # Vj/k;. Solution (2.2) shows an one-breather structure on the plane-wave background. Further taking
a=—F/2, we have the time-periodic Kuznetsov-Ma breather with |k| < |b| and the space-periodic Akhmediev breather with
|k| > |b]. When |k| — |b]|, the period tends to infinity. Solution (2.2) describes the Peregrine soliton(PS) which is localized both
in time and space.

Case 2 - Vi/ky=Vj/k;. In this case, dj=0. The breather can be converted to other nonlinear waves in solution (2.2). The
exact conversion relation can be obtained

4(1 - 6a® +2b?)y = 8aa — 1. (2.3)

The higher-order coefficients & and y cannot be zero simultaneously in this conversion. Based on parametric analysis, several
types of localized and periodic structures are displayed in Figs. 1-7.1f a # —F/2,then k; # 0, k; # 0. Solution (2.2) presents
the multi-peak soliton, which is a localized one-soliton with some oscillation or main peaks [23,30]. This structure can
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