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a b s t r a c t

Using the theory of elliptic integrals and the mathematic trick, we obtain analytic distribution functions
of the potential and the field on the central axis line generated by an elliptic ring uniformly charged and
we make the discussion about it. The important properties of the potential and the field on the central
axis line generated by an elliptic ring uniformly charged is shown.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

The field distribution of a uniformly charged circular ring is
a important and interesting problem in electrostatics. In the
research and the application of electromagnetism it is significant
for us to investigate this problem [1e7], which has attracted
considerable attention. However, because the problem involves
elliptic integrals, it is quiet difficult for us to discuss and to solve the
problem. Applying Fourier Bessel transform pair [8,9], Ball [10]
presented the potential on the uniformly charged circular ring.
Using computers and the superposition principle of the electric
field, Zhang and Jiang [11] discussed the electric field distribution of
annular linear electric charge. According to the superposition
theorem of the potential and the field of a point charge, Cheng et al.
[12] derived a series solutions of the potential and the field of
a uniformly charged ring. In the rectangular coordinate system,
Zhou and Chen [13] directly calculated the space distribution of the
electrical field generated by a uniformly changed ring. In the
spherical coordinate system and in the cylindrical coordinate
system Zhu presented the spatial distribution of the field generate
by a charged ring and the spatial distribution of the magnetic field
generated by a current loop, respectively [14,15]. Making use of the

analogous method, Trinh and Maruvada [16] investigated the
electric field distribution of an arbitrary circular-arc shaped
uniform current filament embedded in a conductive medium, the
solution to which has been derived in terms of elliptic integrals and
used in the numerical evaluation of the resistance of complex
ground electrodes. Employing the theory of elliptical integrals and
the analytic method, Zhu [17] obtained the analytic field distribu-
tion of a uniformly charged circular arc.

Nevertheless, for an elliptic ring, the polar radius of which r is
not a constant and it does not possess symmetry of a circular ring, it
is considerably difficult for us to solve the potential distribution and
the field distribution of a uniformly charged elliptic ring and to
discuss it. By now, the spatial distributions of the potential and the
field with analytic methods are not drown. Just for this reason, it is
specially interested to solve and to discuss the problem.

In this paper, by using the theory of elliptic integrals, properties
of elliptic integrals and some special tricks, and transforming the
elliptic equation, we can turn difficulty into simplicity, and gain the
analytic potential function and the analytic field function on the
central axis line generated by an elliptic ring uniformly charged, so
that this problem is further solved. In Section 2, by the elliptic
equation transformation and using properties of elliptic integral
functions we present the potential distribution function of the
uniformly charged elliptic ring on the central axis line. Similarly, in
Section 3, we obtain the field distribution function of the uniformly
charged elliptic ring on the central axis line. Finally, in Section 4 the
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distributions of the potential and the field on the central axis line
attained are discussed and the important properties of the poten-
tial and the field distributions on the central axis line are drown.
The summary and conclusion of the results include the paper.

2. Potential function on the central axis line of an elliptic ring
uniformly charged

There is a uniformly charged rigid elliptic ring of which the
semimajor axis is a, the semiminor axis is b, and the linear charge
density is s, and we will discuss its potential and field distributions
in a cylindrical coordinate system, as depicted in Fig. 1.

In a cylindrical coordinate system the equation of the elliptic
ring is given by

r ¼ abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2cos2qþ a2sin2q

q : (1)

At a point on the elliptic ring, A(r,q,0), we take a line element ds
with electric quantity dq ¼ sds, which generates the potential at
the point on the central axis line P(0,0,z) is given by

d4 ¼ dq

4p 30
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ r2

p ¼ sds
4p 30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ r2

p : (2)

In Eqs. (1) and (2), performing the variable transform
j ¼ qþ p=2, we can obtain as follows

r ¼ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2sin2j

q ; (3)

ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2dq2 þ dr2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2dj2 þ dr2

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2dj2 þ r4e4sin2jcos2jdj2

b2
�
1� e2sin2j

�
vuut

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2e2 � e4

�
sin2j

q
�
1� e2sin2j

� rdj

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02sin2j

q
�
1� e2sin2j

�rdj;

(4)

and

d4 ¼ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02sin2j

q

4p 30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

r2

s
�
�
1� e2sin2j

� dj

¼ bs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02sin2j

q

4p 30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ z2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2e2

z2 þ b2
sin2j

s
�
�
1� e2sin2j

� dj

¼ bs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02sin2j

q
4p 30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ z2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e002sin2j

q
�
�
1� e2sin2j

� dj;

(5)

where

e2 ¼ a2 � b2

a2
¼ 1�

�
b
a

�2

< 1; (6)

e02 ¼ 2e2 � e4 ¼ 1�
�
b
a

�4

< 1; (7)

and

e002 ¼ z2e2

z2 þ b2
< 1: (8)

Then we have

4 ¼ sb

4p 30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ z2

p Z5p=2
p=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02sin2j

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e002sin2j

q �
1� e2sin2j

� dj: (9)

Obviously, the integral function of Eq. (9)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02sin2j

q
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e002sin2j

q
ð1� e2sin2jÞ is a period function

versus the variable j, whose period is 2p. Namely we have

Z5p=2
p=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02sin2j

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e002sin2j

q �
1� e2sin2j

�dj

¼
Z2p
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e02sin2j

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e002sin2j

q �
1� e2sin2j

�dj: (10)

Thus Eq. (9) becomes

4¼ sb

p 30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2þb2

p Zp=2
0

1�e02sin2j

1�e2sin2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1�e02sin2j

��
1�e002sin2j

�r dj: (11)

Here 1>e02>e002>0, we have [18]

4 ¼ g
sb

p 30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ b2

p Zu1

0

R
�

sn2u
1� e002 þ e002sn2u

�
du; (12)

where

k2 ¼ e02 � e002

1� e002
;

sn2u ¼
�
1� e002

�
sin2j

1� e002sin2j
;

g ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e002

p ;

θ
ψ

Fig. 1. A uniformly charged elliptic ring.
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