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a b s t r a c t

Data envelopment analysis seeks a frontier to envelop all data with data acting in a critical
role in the process and in such a way measures the relative efficiency of each decision mak-
ing unit in comparison with other units. There is a statistical and empirical rule that if the
number of performance measures is high in comparison with the number of units, then a
large percentage of the units will be determined as efficient, which is obviously a question-
able result. It also implies that the selection of performance measures is very crucial for
successful applications. In this paper, we extend both multiplier and envelopment forms
of data envelopment analysis models and propose two alternative approaches for selecting
performance measures under variable returns to scale. The multiplier form of selecting
model leads to the maximum efficiency scores and the maximum discrimination between
efficient units is achieved by applying the envelopment form. Also individual unit and
aggregate models are formulated separately to develop the idea of selective measures.
Finally, in order to illustrate the potential of the proposed approaches a case study using
a data from a banking industry in the Czech Republic is utilized.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Data envelopment analysis (DEA), as a well-known non-
parametric mathematical approach, evaluates the relative
efficiency score of a set of homogeneous decision making
units (DMUs), which utilize the multiple inputs to produce
multiple outputs. In managerial applications, DMUs may
include banks, department stores and supermarkets, and
extend to car makers, hospitals, schools, public libraries
and even portfolios. In engineering, DMUs may take such
forms as airplanes or their components such as jet engines.
Basic DEA models measure the efficiency of a DMU by
maximizing the ratio of the weighted sum of its outputs
to the weighted sum of its inputs, based on the condition

that this ratio is less than or equal to one for all DMUs.
The large number of studies has been accomplished in
DEA which show that this is an outstanding and straight-
forward methodology for modeling operational process in
performance evaluations. Nowadays, DEA is becoming a
very important analysis tool and research method in man-
agement science, operational research, system engineer-
ing, decision analysis, etc.

Cooper et al. [14] considered a rough rule of thumb,
which expresses the relation between the number of DMUs
and the number of performance measures to have a reli-
able results. In other words, when the number of perfor-
mance measures is high in comparison with the number
of DMUs, then most DMUs are classified as efficient, which
is not logical. Therefore in this paper we propose an
approach to deal with this issue. In particular, we extend
standard models so that important measures (i.e., inputs
and outputs) can be identified, their total number
decreased and complex result optimized.
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The rest of the paper is organized as follows: Section 2
summarizes the rule of thumb in DEA. In Section 3, the
multiplier and envelopment forms of BCC model is pre-
sented. Section 4 introduces a new approach to choose
selective measures. Section 5 illustrates the capabilities
of our proposed approach by using a real data set of bank-
ing industry in the Czech Republic. Conclusions and further
remarks are provided in the last section.

2. The rule of thumb in DEA

Suppose there are n DMUs that consume m inputs to
produce s outputs. If a performance measure (input/out-
put) is added or deleted from consideration, it will influ-
ence the relative efficiencies. Empirically, when the
number of performance measures is high in comparison
with the number of DMUs, then most DMUs are evaluated
efficient so that such results cannot be regarded as reliable.
A rough rule of thumb expresses the relation between the
number of DMUs and the number of performance mea-
sures (see Cooper et al. [14] for more details):

n P maxf3ðmþ sÞ;m� sg

Table C.1 in Appendix C practically represents the num-
ber of DMUs and the number of performance measures
applied in some studies (for more details see [1,4–7,10–
13,15–53]).

There are some cases that the number of performance
measures and DMUs does not satisfy the rule of thumb.
To rectify this issue, in many scenarios we select some per-
formance measures in a manner which complies with the
rule of thumb and imposes progressive effect on the effi-
ciency scores. These selected inputs and outputs are
known as ‘‘selective measures’’ implies

Establishing criteria among a set of suggested standards
is an important issue for the decision maker. For example,
consider the problem of evaluating 50 branches of a bank;
in such a setting, the manager may practically run into
more than 25 inputs and 30 outputs. Apparently, the total
number of measures, i.e. 55, and DMUs do not satisfy the
rule of thumb and subsequently to have an acceptable effi-
ciency scores some performance measures must be omit-
ted. To make the problem easier, suppose that the
manager pre-selected three inputs, e.g. employees,
expenses and space, and three outputs, e.g. loans, profits
and deposits. With this assumptions, if the manager wants
to select 2 out of 22 remaining inputs and 1 out of 27
remaining outputs and also consider all possible combina-
tions of performance measures, then an optimization prob-
lem must be solved at most

196350 ¼ 50� 22
2

� �
� 27

1

� �� �
times, which shows that

this approach is illogical.
In this paper, we propose an approach to deal with the

selective measures under variable returns to scale (VRS)
assumption. However, in some situations, some special
measures must appear in evaluation model, so that the
manager’s concern comes true. These measures are named
‘‘fixed measures’’ and we also consider them in developing
our approach.

3. The BCC model

Charnes et al. [8] proposed an innovative mathematical
approach for evaluating the relative efficiencies among
DMUs with multi-input and multi-output as a linear pro-
gramming model. This approach, which is referred to as
CCR (Charnes, Cooper and Rhodes), assumed constant
returns to scale (CRS) technology. Banker et al. [3] sug-
gested a new model, which is known as BCC (Banker, Char-
nes and Cooper), to deal with VRS situation.

Consider a set of n decision making units (DMUs), each
consuming various amounts of m inputs to produce s out-
puts. Let xj = (x1j, . . . ,xmj)T and yj = (y1j, . . . ,ysj)T represent the
input and output vectors for DMUj (j = 1, . . . ,n), respec-
tively. There are two BCC forms which are mutually dual:
multiplier and envelopment.

Multiplier form of BCC Envelopment form of BCC
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where DMUo = (xo, yo) is being evaluated (o e {1, 2, . . . , n}).
In the multiplier form of BCC model (1), u = (u1, . . . , us)

and v = (v1, . . . , vm) are the set of output and input weights
(or multipliers, dual variables or shadow prices), respec-
tively, and u0 is a variable with free in sign, i.e. u0 -
e (�1, +1). Charnes et al. [9] added e, which is called
the non-Archimedean epsilon, to the CCR model to have
positive weights. It is important to set a suitable value
for the non-Archimedean epsilon e. Amin and Toloo [2]
designed a polynomial-time algorithm to obtain an appro-
priate value for epsilon. This model maximizes the rela-
tive efficiency score of DMUo subject to the condition
that the similar score for all DMUs must be less than or
equal to one. Suppose that model (1) is solved and the
optimal solution (u⁄,v⁄,u0) is at hand, DMUo is efficient
when z�1 ¼ 1 and otherwise is inefficient. As a result,
DEA models can categorize all DMUs into two different
groups: efficient and inefficient. Toloo et al. [47] sug-
gested an efficient approach to find an initial basic feasi-
ble solution for the multiplier form of BCC model and
practically showed it decreases required computations
by at least one half.

On the other hand, the envelopment form of BCC model

(2) seeks a (virtual) unit
Pn

j¼ik
�
j xj;

Pn
j¼1k

�
j yj

� �
that guaran-

tees at least the output level yo of DMUo in all componentsPn
j¼1k

�
j yrj P yro; r ¼ 1; . . . ;m

� �
, while reducing the input

vector xo proportionally to a value as small as possiblePn
j¼1k

�
j xij 6 h�xio; i ¼ 1; . . . ;m

� �
. If z�2 ¼ 1 (or equivalently

h�o ¼ 1, 8i sx�
i ¼ 0 and 8r sy�

r ¼ 0), then DMUo is efficient.
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