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a b s t r a c t

Based on the strain approach, a new simple and efficient four-node quadrilateral mem-
brane finite element with drilling rotation is developed. It can be used for the elastic and
elastoplastic analysis. The displacements field of this element is based on the assumed
functions for the various components of strain which satisfy the compatibility equation
and it is developed in some way to improve the element performance in the distorted con-
figurations. This finite element has the three degrees of freedom at each of the four nodes
(the two translations and the in-plane rotation) and the displacement functions of the
developed element satisfy the exact representation of the rigid body modes. Numerical
results show that the proposed strain based element exhibits an excellent behavior for
both regular and distorted mesh over a set of problems in both analyses.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Since the appearance of finite elements method, many
researchers have adopted the strain based approach for
the development of new finite elements. The advantages
of these elements have been illustrated on several articles
[1,2] compared with displacement-based ones. The use of
this approach was first applied by Ashwell and Sabir, and
concerned only with curved elements [3,4].This approach
was later extended to plane elasticity problems [5,6],
to three-dimensional elasticity [7], to cylindrical shells
[8–10], and to plate bending [11].

Also recently considerable attention has been given to
the development of simple and efficient rectangular ele-
ments having the in-plane rotation as nodal degrees of
freedom [12]. The main motivation is the improvement
of the accuracy and to provide an ideal membrane element

to form shell element. Indeed in the past several models
such as rectangular and triangular plane elasticity ele-
ments were developed, among them the elements of Sabir
[13] which each of them have three degrees of freedom
(DOFs) at each corner node. However these developed
strain based elements with drilling rotation are efficient
only for the regular meshes.

In this context the proposed element in this paper is a
new quadrilateral membrane finite element with drilling
rotation based on the strain approach named SBQE (Strain
Based Quadrilateral Element) able to improve the accuracy
and the computation time in the case of regular and dis-
torted mesh. Both linear and materially nonlinear analyses
are considered. For the purposes of demonstration some
selected numerical problems are solved using this devel-
oped element.

2. Formulation of the SBQE element

Consider a quadrilateral element SBQE with three de-
grees of freedom (Ui, Vi, and in plane rotation hi) at each
of the four nodes which is depicted in Fig. 1.
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For general plane elasticity problems, the three compo-
nents of strain in terms of the displacements are given by

ex ¼
@U
@x

; ey ¼
@V
@y

; cxy ¼
@U
@y
þ @V
@x

ð1Þ

The components of the strain given in Eq. (1) must sat-
isfy an additional equation called the compatibility equa-
tion. This equation can be formed by the eliminating U, V
from Eq. (1), hence:

@2ex

@y2 þ
@2ey

@x2 �
@2cxy

@x@y
¼ 0 ð2Þ

If these strains given by Eq. (1) are equal to zero, the
integration of these equations allows obtaining the follow-
ing expressions:

U ¼ a1 � a3y; V ¼ a2 þ a3x; h ¼ a3 ð3Þ

The terms in Eq. (3) are those representing the rigid
body modes. The present element possesses four nodes
and three DOFs (U, V, h) per node. Thus the displacement
field must contain twelve independent constants. Three
of them (a1, a2, a3) are already used for the representation
of the rigid body components, thus it remains nine con-
stants (a4, a5. . .a12) for expressing the displacement due
to straining of the element. These are apportioned among
the strains as:

ex ¼ a4 þ a6yþ a7xþ a10y2 þ 2a11xy3

ey ¼ a7 þ a8xþ a9y� a10x2 � 2a11yx3

cxy ¼ 2a5ðyþ 1Þ þ 2a6xþ 2a7xþ 2a8yþ a9yþ 2a12x

ð4Þ

The strains given by Eq. (4) satisfy the compatibility
equation given by Eq. (2). Expressions (4) are equated to
the equations in terms of U, V from Eq. (1) and the resulting
equations are integrated, to give

U ¼ a4xþ a5ðyþ y2Þ þ a6xyþ 0:5a7x2 þ 0:5a8y2

þ 0:5a9y2 þ a10xy2 þ a11x2y3

V ¼ a5xþ 0:5a6x2 þ a7ðx2 þ yÞ þ a8xyþ 0:5a9y2 � a10x2y

� a11x3y2 þ a12x2

h ¼ �2a5yþ a7x� a9y� 2a10xy� 3a11x2y2 þ a12x ð5Þ

The final displacement functions are obtained by adding
Eqs. (3) and (5) to obtain the following:

U ¼ a1 � a3yþ a4xþ a5ðyþ y2Þ þ a6xyþ 0:5a7x2 þ 0:5a8y2

þ 0:5a9y2 þ a10xy2 þ a11x2y3

V ¼ a2 þ a3xþ a5xþ 0:5a6x2 þ a7ðx2 þ yÞ þ a8xyþ 0:5a9y2

� a10x2y� a11x3y2 þ a12x2

h ¼ a3 � 2a5yþ a7x� a9y� 2a10xy� 3a11x2y2 þ a12x ð6Þ

The displacement functions of the developed element
SBQE given by Eq. (6) can be written in matrix form as:

fUg ¼ ½C�fAg ð7Þ

where the U is the nodal displacement vector, A is the con-
stant parameters vector {ai} = 1. . .12 and the 12 � 12
transformation matrix [C] is given in appendix.

The stiffness matrix [Ke] can be calculated from the well
known expression:

½Ke� ¼ ½C��T
Z Z

½Q �T ½D�½Q �dxdy
� �

½C��1 ¼ ½C��T ½K0�½C��1

ð8Þ

The determinant of the Jacobean matrix must also be
evaluated because it is used in the transformed integrals
as follow:
Z Z

dxdy ¼
Z þ1

�1

Z þ1

�1
det jJjdndg ð9Þ

Thus the matrix [K0] is numerically evaluated, and since
the matrix [C] of the developed element is not singular, its
inverse can be also numerically evaluated and the element
stiffness matrix [Ke] can be obtained by:

½Ke� ¼ ½C��T
Z 1

�1

Z 1

�1
½Q �T ½D�½Q �detjJjdndg

� �
½C��1 ð10Þ

where the strain matrix [Q] and the elasticity matrix [D]
are given in appendix.

3. Linear numerical results from test examples

Before proceeding to the benchmark problems which
are mainly extracted from literature when discussing the
element SBQE with drilling DOFs, a brief notes on the ele-
ments to be compared are given:

� Q8: the eight nodes quadrilateral element with sixteen
degrees of freedom (DOFs).
� Q6: the six node quadrilateral element with twelve

DOFs.
� SBRIEIR and SBTIEIR: the four and three node strain

based rectangular and triangular in-plane elements
with in-plane rotation with twelve DOFs [13].
� SBT2V: The Improved three node strain based triangular

in-plane element with drilling rotation with nine DOFs
[14].
� HQ4-9b: Isostatic quadrilateral membrane finite ele-

ment with drilling rotation [15].
� P5Sb: Pian’s hybrid element with four nodes [16].
� FRQ: Quadrilateral element based on fiber rotation [22].
� Quadrilateral element with drilling ITW DOFS [18].
� Quadrilateral element with drilling rotation Pimp [19].
� Q4: quadrilateral element with four nodes.

Fig. 1. SBQE element and coordinate system.
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