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a b s t r a c t

In this paper, the damping properties of presliding hysteresis are explored for the LuGre and Maxwell-slip
friction models. Taking out of consideration the classical linear viscous damping and Stribeck effect, the
nonlinear damping of force–displacement hysteresis is analyzed, in Lyapunov sense, for the motion
dynamics. Based thereupon the simple but straightforward criteria of model’s parametrization are
derived for kinetic friction to be dissipative. Further we show a related experimental example of preslid-
ing hysteresis friction response in vicinity to zero velocity.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The significant property of kinetic friction, which is known to be
crucial for controlled motion systems, is the presliding hysteresis
in displacement. That appears as the nonlinear force transitions
with memory each time the relative motion changes its direction
or gets started from an initial state. For the review of nonlinear
friction dynamics, including presliding hysteresis, see [2] and ref-
erences therein. Several dynamic friction models capture the pres-
liding hysteresis behavior in different ways, at that point providing
the non-local or local memory (see e.g. [18] for details), drifting or
non-drifting, rate-independent or rate-dependent hysteresis, and
other friction-related properties. For overview and classification
of the presliding behavior captured by different dynamic friction
models see [6]. Furthermore, a theoretical analysis of dynamic sys-
tem behavior with hysteresis element in the feedback – the case
similar to that addressed in this work – has been consider in [3],
by the approximate describing function method and its compar-
ison with numerical simulations.

In this work we consider the LuGre [9,7] and Maxwell-slip
[15,10,17] dynamic friction models as two of the most widespread
approaches which cardinally differ in their manner of describing
the hysteresis force transitions. Note that other dynamic friction
models can be equally considered, see e.g. [6] for reference.
However, our analysis is limited to the two above models as these
are particularly suitable and often used for applications like con-
trol, real-time simulation, diagnosis and monitoring and others.

The aim of this contribution is to analyze the damping charac-
teristics of presliding hysteresis and that for the free motion
dynamics, with displacement y, of the type

€y ¼ �Fð _yÞ; ð1Þ

where F is captured by either LuGre or Maxwell-slip friction model.
Note that the unity mass is assumed in this work for the sake of
simplicity. Since we deliberately concentrate on the hysteresis
damping of presliding friction, the more classical linear viscous fric-
tion damping is taken out of consideration. Also no
velocity-weakening friction mechanisms like the well-known
Stribeck effect are considered. Here it is worth to recall that in par-
ticularly the Stribeck effect has been put in perspective when ana-
lyzing the dissipative behavior of nonlinear friction and
corresponding stability of its control, see [5,8,12,16]. On the con-
trary, in this study we are interested in emphasizing the
hysteresis-related friction damping since we believe that at motion
reversals and motion stop, which are most significant for such
applications as precise positioning control, these type of friction
effects are pivotal and should be better understood for modeling.
The analysis, accomplished in the following, should help to under-
stand better the parameterization of LuGre and Maxwell-slip fric-
tion models when these are used for describing the motion
dynamics. The demonstrated, also with an experimental example,
damping behavior of a free motion close to a motion stop or reversal
provides further insight into the nonlinear system dynamics i.e. at a
position settling. Below, we briefly summarize the LuGre and
Maxwell-slip friction models with notice on what the following
main results aim to analyze. After the main results, we look on an
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experimental example of nonlinearly-damped motion in vicinity to
stop, that argues in favor of the analysis made.

1.1. LuGre model

The LuGre friction model, first introduced in [9] and revisited in
[7], is based on the so-called bristle approximation of two friction
surfaces in contact, see Fig. 1 (cf. with Fig. 5 in [11] and Fig. 1 in
[9]). The associated tangential friction force, which is acting in
opposite direction to the relative velocity _y, is described by

F ¼ r0zþ r1 _zþ r2 _y; ð2Þ

and constitutes a linear combination of internal friction state z, its
damping, and viscous friction term which is linear to the relative
velocity. The positive parameter r0 is the stiffness of asperity con-
tacts and the non-negative parameters1 r1 and r2 determine
respectively the internal state damping, associated with a
micro-displacement, and velocity-dependent damping of the viscous
friction. The internal friction state is governed by

_z ¼ _y� r0
j _yj

gð _yÞ z; ð3Þ

where the positive nonlinear static map

gð _yÞ ¼ Fc þ ðFs � FcÞ exp � j _yj=Vsð Þl
� �

; ð4Þ

captures the so-called Stribeck effect. The parameters Fc > 0 and
Fs P Fc are correspondingly the Coulomb and stiction friction coef-
ficients. The exponential parameters Vs and l are the Stribeck
velocity of the convergence of g towards Fc and Stribeck shape fac-
tor2 correspondingly.

Regarding the dissipative nature of friction, the fundamental
property of a passive operator _y # F has been investigated in [8]
and later in [7]. In [7] it has been formulated the I/O dissipativity
of the LuGre friction model as a condition of the parameter
inequality (see Eq. (7) of Property 3 in [7])

r2 > r1ðFs � FcÞ=Fc: ð5Þ

While giving the necessary and sufficient conditions of passivity of
friction operator the ‘if and only if’ condition in [8] has been formu-
lated as (cf. with Eq. (2.4) in [8])

1=Fc 6 1=gð�Þ 1þ r2=r1ð Þ: ð6Þ

It is worth noting that the condition (6), when assuming g ¼ Fc ,
results in

r2=r1 P 0; ð7Þ

thus allowing for r2 ¼ 0. Recall that for analysis accomplished in
this work we assume both g ¼ Fc and r2 ¼ 0. On the contrary, the
parameter inequality from [7] requires r2 > 0 and thus constitutes
a weaker condition which does not allow excluding the viscous fric-
tion damping.

1.2. Maxwell-slip model

The Maxwell-slip friction model can be demonstrated by means
of the associated Maxwell-slip structure depicted in Fig. 2(a). N
parallel-connected elasto-plastic elements are either sticking or
slipping while being connected to the common velocity input.

Each element is parameterized by its individual stiffness kj and
breakaway force cj, so that the element is sticking as long as
kjjyjj < cj. Afterwards, the element starts to slip until the next
motion reversal. All the element blocks are assumed as massless
so that no dynamic interaction occurs at relative displacement.
The associated output friction force of each element is Fj ¼ kjyj

when sticking and Fj ¼ cj signð _yÞwhen slipping. Since the elements
act in parallel the total friction force is given by

Fð _yÞ ¼
XN

j¼1

Fj: ð8Þ

An important model feature is that each elasto-plastic Maxwell
element can be described by means of the play- and stop-type hys-
teresis operators (see e.g. [14,13] for details). An elasto-plastic
Maxwell element offers the same transfer characteristics as the
stop-type hysteresis operator which in turn results from his
play-type counterpart. The transfer characteristics of a play-type
hysteresis operator are shown in Fig. 2(b). The operator provides
a multi-valued rate-independent map y # x depending on the ini-
tial state x0 and parameter r > 0. The latter determines the width
of the play-zone which is 2r. The operator dynamics in the differ-
ential form is given by

_x ¼
_y if x� r ¼ y _ xþ r ¼ y;

0 if x� r < y < xþ r:

�
ð9Þ

To that end, the stop-type hysteresis operator is transformed from
its play-type counterpart by the simple algebraic relation
y� xðy; rÞ. This allows constructing the single elasto-plastic
Maxwell element j as

Fj ¼ kj y� xðy; rjÞ
� �

: ð10Þ

The corresponding parametrization requires rj ¼ cj=kj. We note that
the Maxwell-slip friction model as in (8)–(10) is of a pure hysteresis
nature and no relaxation related to the viscous damping or Stribeck
effect should be done.

Now we are in a position to analyze the hysteresis damp-
ing behavior of each of the above friction models when assum-
ing a free motion response starting from some initial state
_yð0Þ– 0; Fð0Þ ¼ Fc sign _yð0Þð Þ. Recall that during an unidirectional

Fig. 1. Bristle approximation of two friction surfaces in contact. The tangential force
F acts in opposite direction to velocity _y. The internal friction state z maps the
average deflection of bristles.

Fig. 2. Maxwell-slip structure (a), transfer characteristics of play-type (backlash)
hysteresis operator (b).

1 The original LuGre friction model assumes the damping parameters to be positive.
In this work, however, we relax the positive definiteness and require both damping
parameters to be non-negative.

2 The original LuGre friction model and multiple works related to that assume
l ¼ 2. From other friction-related studies, it is known that l Stribeck shape factor can
assume various values, even negative, therefore providing an additional degree of
freedom for capturing the static characteristic friction curve gð _yÞ.
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