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a b s t r a c t

In this paper, the observer design problem for the sideslip angle of ground vehicles is investigated. The
sideslip angle is an important signal for the vehicle lateral stability, which is not measurable by using
an affordable physical sensor. Therefore, we aim to estimate the sideslip angle with the yaw rate mea-
surements by employing the vehicle dynamics. The nonlinear lateral dynamics is modeled firstly. As
the tyre model is nonlinear and the road adhesive coefficient is subject to a large variation, the nonlinear
lateral dynamics is transformed into an uncertain model. Considering the variation of longitudinal
velocity, an uncertain linear-parameter-varying (LPV) system is obtained. Based on the LPV model, a
gain-scheduling observer is proposed and the observer gain can be determined with off-line computation
and on-line computation. The off-line computation includes the calculation of a set of linear matrix
inequalities and the on-line computation contains several algebraic operations. The proposed design
methodology is applied to a four-wheel-independent-drive electric vehicle in simulation. It infers from
different maneuvers that the designed observer has a good performance on estimating the sideslip angle.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The sideslip angle of vehicle is of importance for vehicle lateral
stability; see [1–4] and the references therein. It is a critical index
for the vehicle safety. An ideal case is that the sideslip angle is kept
zero during driving. However the ideal case is impossible to be
achieved during the steering maneuvers with a high longitudinal
velocity. In order to enhance the lateral stability, there are numer-
ous techniques to stabilize the lateral dynamics and reduce the
angle. Among the existing techniques, the sideslip angle is gener-
ally employed to construct the feedback loop [5]. However, the
commercial physical sensor for the sideslip angle is quite expen-
sive and it is impossible to apply the physical sensor in the prac-
tice. An alternative method is to estimate the sideslip angle with
measurements from low-cost sensors.

During the past decade, the sideslip angle estimation has
attracted considerate efforts and there exist a lot of methods in
the literature [6]. The authors in [7] employed the GPS measure-
ments to calculate the sideslip angle and the tyre slip. The
proposed method is based on the kinematics model, which has

the drift phenomena induced by the bias errors. The steering tor-
que was applied in [8] to estimate the tyre slip angle which was
further utilized to compute the sideslip angle. The Kalman filter
can be seen in the sideslip angle estimation work of [9]. Since
the measurement facility or the physical sensor is costly in many
applications, the authors in [10] proposed the sideslip angle fusion
estimation using low-cost sensors. Though there are a lot of exist-
ing approaches on the sideslip angle estimation, the approaches
have some drawbacks such as the cost is high or the method
depends on an accurate dynamics model or accurate priori
information. Motivated by these points, we aim to develop robust
estimator which has the capacity against the inaccuracy in the
system model.

The robust control and estimation have been two popular
research areas for a long time due to the fact that the uncertainty
is unavoidable in the system modeling [11–16]. The robust sce-
nario is not only against the system uncertainty, but also attenuate
the effect of the external disturbance [17,18]. Different from the
Kalman filtering, the priori information on the noise is not
required. Typically, there are energy-to-energy and energy-to-peak
strategies in the robust filtering. The first one is to minimize or
constrain the energy-to-energy ratio and the second one is used
for the energy-to-peak ratio. Both strategies have been successfully
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applied to different kinds of systems; see the work in [19–23].
However, there is few result on the robust estimation of vehicle
systems.

In this work, motivated by the gap between the robust estima-
tion and the vehicle dynamics, we aim to develop the robust estima-
tor design method for the vehicle sideslip angle estimation. Both the
variations of the road adhesion coefficient and the tyre cornering
stiffness are considered, an uncertain vehicle lateral dynamics
model is obtained. Due to the fact that the longitudinal velocity is
not a constant, we consider a varying longitudinal velocity which
is within a range and the observer gain is scheduling with respect
to the velocity. The robust energy-to-peak estimator gain can be
obtained by solving a set of linear matrix inequalities.

2. Uncertain vehicle dynamics model

We consider a simplified bicycle model of vehicle lateral
dynamics, which is a two-degree-of-freedom (2-DOF) model and
has been widely adopted to describe the lateral dynamics, as
shown in Fig. 1. In the model, the total mass of the vehicle is rep-
resented by m and the moment of inertia about the yaw axis
through its center of gravity (CG) is denoted as Iz. The front axis
is located at the distance lf from the CG and the rear axis is located
at the distance lr from the CG. The steering angle d is controlled by
the driver and has the capacity to change the heading of the front
tyres. The slip angles af and ar of the front and rear tyres depend
on the front and rear lateral tyre forces Fyf and Fyr , respectively.

The relationship between the lateral force and the side angle is
complex and decided by the tyre characteristic, the road adhesion
coefficient and the lateral acceleration. Since the load adhesion
coefficient is not always a constant and difficult to be estimated,
a practical tyre lateral model is approximated as [5]

Fyf � ðcf þ Dcf NðtÞÞaf ¼ �cf af ;

Fyr � ðcr þ DcrNðtÞÞar ¼ �crar ;
ð1Þ

where the approximated coefficients �cf and �cr consist of nominal
terms and uncertain terms, and NðtÞ � 1. The equivalent nominal
coefficients cf and cr are calculated by

cf ¼ lnCfn;

cr ¼ lnCrn;

and the bounds of the uncertainties are estimated by

Dcf ¼ lnDCf þ DlCfn þ DlDCf ;

Dcr ¼ lnDCr þ DlCrn þ DlDCr;

with the nominal value of road adhesion coefficients ln, the uncer-
tainty bound Dl, the nominal values of cornering stiffness Cfn and
Crn, and the uncertainty bounds DCf and DCr . Note that the tyre lat-
eral model in (1) can cover different road conditions and tyre char-
acteristic. The tyre model is quite useful in the controller and
estimator design. More details on the derivative of the tyre model
can be seen in [5].

To study the vehicle lateral dynamics, a variable named sideslip
angle at CG is defined as the tangential angle between the vehicle
lateral velocity and the longitudinal velocity:

tan b ¼ vy

v : ð2Þ

Here, v denotes the longitudinal velocity and vy is the lateral speed.
When the vehicle sideslip angle b is small, with the geometric
relationship, the tyre slip angles are

af ¼ d� lf x
v � b;

ar ¼
lrx
v � b:

ð3Þ

Here, x denotes the yaw rate at CG. According to the Newton law, a
state-space model of the lateral dynamics can be obtained as:

_xðtÞ ¼ AxðtÞ þ Bdþ CMz; ð4Þ

where

xðtÞ ¼
b

x

� �
;

A ¼
��cf��cr

mv
lr�cr�lf �cf

mv2 � 1
lr�cr�lf �cf

Iz

�l2f �cf�l2r �cr

Izv

24 35;
B ¼

�cf

mv
lf �cf

Iz

24 35; C ¼
0
1
Iz

" #
;

Mz is the yaw moment exerted on the vehicle. In order to enhance
the lateral stability, the direct yaw moment control is applied in
many vehicles such as the four-wheel-independent-drive electric
vehicle in [24]. When the direct yaw moment control is available
for a vehicle, the value of yaw moment is known for the observer
design. Moreover, the front wheel steering angle d can be also
measurable [25]. Therefore, both inputs of the lateral dynamics
model can be assumed to be available for the estimator design.

It is necessary to mention that the lateral dynamics in (4) is an
approximated model with several assumptions. To better describe
the behaviors of the vehicle, we use the following uncertain model
subject to disturbances:

_xðtÞ ¼ AxðtÞ þ Bdþ CMz þ d; ð5Þ

where d ¼ d1

d2

� �
is unknown but bounded. The disturbance d may

arise from (1) the modeling error; (2) the mapping error by the con-
trol allocation; or (3) the hysteresis of the steering system. Note
that the forward velocity v is not a constant such that the system
matrix in the model (5) is time-varying. As the analysis of the linear
systems has been well developed, we are going to convert the
system in (5) into a linear parameter varying (LPV) form. The chal-
lenge is how to balance the conservativeness and the computational
load. Suppose that the forward velocity v is bounded as:

v 2 ½v ; �v � ð6Þ

Fig. 1. Simplified two-degree-of-freedom (2-DOF) vehicle lateral dynamics model.
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