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a b s t r a c t

This paper addresses the application of multirate control techniques to hard disk drives (HDD) single
stage actuation. It applies a model-based dual-rate controller with computation saving at its implemen-
tation stage. The main goal is twofold: to study a new dual-rate control scheme in this kind of environ-
ment that, as it is known, provides the achievement of more storage space and to reach a saving in
computation resources when using this specific dual-rate control. The dual-rate control is planed by con-
sidering an N times slower measurement -NT- but a faster frequency for control updating -T- being N a
positive integer. The work introduces a new discrete lifting modelling step that allows to compute an
exact frequency response that helps the controller implementation with computation saving by interlac-
ing. A system output response improvement is obtained by using this methodology. A comparison with
an usual single rate control including its implementation by interlacing is done based on a HDD labora-
tory set-up.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

One interesting problem in the multirate control environment
is the hard disk drives control due to the small magnitude of the
sampling periods used in this kind of applications. In this context
the write/read heads have to respond with accuracy because the
high density (number of tracks per inch -TPI-) is growing up year
after year. In a single actuator disk file system, the number of sec-
tors and the rotation speed will limit the sampling frequency of the
position error signal used for control. In fact, in the sectored servo
system for HDD, a circular disk is divided into equally sized angular
pieces (called sectors) and position information is written on the
disk surface such that the position error signal (PES) is obtained
once from each sector. While the number of sectors should be large
for increased measurement sampling frequencies, for PES and im-
proved control performance, it should be kept small to reserve an
ample space to store data on the disk. This sets a limit to the mea-
surement sampling frequency, which is the product of the rota-
tional speed of the disk and the number of sectors. The actuation
input, however, should be good enough to assure a good control
performance. So, if it is possible to consider a lower measurement
period without getting worse control performance, more storage
space will be achieved. This is the reason to consider multirate dig-
ital control in this field. Some authors introduced this idea [1,2]

and related proper control techniques [3,4] some years ago. More
recently new results haven been published. Concretely [5] intro-
duces a ripple free state feedback dual rate control using a dual-
rate estimator updated without computing intersample states
and consequently reducing the computational burden. A similar
method is exposed in [6] where it is used a state feedback control
with current observer and it is pointed out the possibility of con-
sidering the interlacing technique to overcome the non-uniform
nature of computation at every sampling instants with this control
scheme. An analysis of computation complexity is added. In [7]
three multirate robust controller design methods (mixed
H2 ¼ H1, mixed H2 ¼ l, and robust H2 syntheses) for track-fol-
lowing in a HDD read/write head are exposed. In this sense [8]
introduces the H2 controller design for rejecting each disturbance
and the ultimate single rate controller is obtained as a control
blending problem in a multi-frequency disturbance environment.
The sampling rate is chosen such that the frequencies of the
mechanical resonances are lower than the Nyquist frequency. In
the paper [9] a signficant suppression of the vibrations with fre-
quencies higher than the Nyquist frequency is achieved by a mut-
irate filter design. This contribution introduces the important topic
of frequency response of sampled data systems in this kind of
environments.

There are quite a few interesting references about multirate
control. Some classical works are for instance [10,11] and many
others, but the application of these multirate control techniques
to HDD control requires to analyze some specific problems. So,
the first problem this contribution deals with is the high sampling
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frequency used in this kind of schemes. This very small sampling
period implies that the dicretized transfer function has one zero
next to Nyquist frequency. For this reason, it will be necessary to
deeply analyze this scenario that usually leads to an undesirable
ripple effect, specially in multirate control schemes. Our intention
is to use model based controllers [12,13] in this context. One of the
problems with multirate control is that the digital processor use is
not equally time-distributed. So, the computation saving applica-
tion [14,15] to a dual-rate controller considering the interlacing
technique is a challenging problem with this control option. Actu-
ally, this is a new field in multirate control implementation and a
new proposal in multirate-control applied to HDD. The different
controller interlaced implementations will be studied taking
advantage of a new tool for dual-rate frequency computation intro-
duced by the authors [16]. The whole problem requires multi-rate
control design techniques, a discrete lifting modelling step, some
interlacing controller application criteria and specific multi-rate
frequency response techniques in order to give a proper
explanation.

The structure of the paper is as follows: Section 2 recalls some
preliminary material and sets up definitions and notation in Sec-
tions 2.1 and 2.2 presents an explanation of model based dual-rate
controllers and its implementation using interlacing of the output
of a dual-rate system. This section includes some explanations
about the discrete lifting technique in Section 2.3 and with respect
to the dual-rate frequency response in Section 2.4. The interlacing
technique is also introduced in Section 2.5. Section 3 presents some
preliminary results in order to properly understand its application
to a laboratory set-up and then this section is dedicated to expose a
practical laboratory control. In this case-study, different results
could be obtained depending on the interlaced dual rate controller
considered. A conclusion section closes the paper.

2. Preliminaries

This section includes the contents the reader needs to properly
follow the contribution. The work covers different areas: model-
based dual-rate control, dual-rate frequency response, single and
dual-rate controller implementation by interlacing techniques.
So, in this section, every aspect will be explained.

2.1. Definitions

Consider a discrete-time linear time-invariant (LTI) system, de-
fined by a transfer function GðzÞ ¼ BðzÞ=AðzÞ, in the Z-transformed
input–output domain, whose poles lie in the interior of the unit
circle.

A dual-rate discrete LTI system is one in which the input and
the output sequences are assumed to have different sampling peri-
ods, Tu and Ty. If they are rationally related, it is possible to define
the least common multiple T0 ¼ lcmðTu; TyÞ usually known as
’’metaperiod’’ or ’’frame period’’ and there exist integers Nu;Ny

such that T0 ¼ TuNu ¼ TyNy (indeed, then Tu=Ty ¼ Ny=Nu is a ra-
tional number). It is usual to define the ‘‘greatest common divisor
sampling period’’ T ¼ gcdðTu; TyÞ as well, such that T0 ¼ NT being
N ¼ lcmðNu;NyÞ; therefore T0 ¼ NT ¼ NuTu ¼ NyTy. With these con-
ditions, the behaviour of the dual-rate system may be character-
ised via a ‘‘lifted’’ transfer function matrix [17,18]:

ylð~zÞ ¼ Gliftedð~zÞulð~zÞ ð1Þ

where yl is a vector of length Ny; ul is a vector of length Nu and Glifted

is a Ny � Nu transfer function matrix. In expression (1) ~z is related to
a sampling period T0, that is zN if z is related to T. For convenience, a
zero-based array element count will be used in the sequel. For in-
stance, the original sequence yðkÞ and its lifted one ylðkÞ are built

in such a way that the ith element of ylðkÞ, to be denoted as yl;iðkÞ,
is yðk�N þ iÞ; i ¼ 0; . . . ;N � 1.

In multirate field the downsampling (skip) and upsampling
(expand) operations are generally used. The Z-transform of
sequences yðkTÞ and yðkNTÞ is defined as:

yTðzÞ ¼
X1
k¼1

yðkTÞz�k

yNTðzNÞ ¼
X1
k¼1

yðkNTÞz�k
N ð2Þ

where it could be said that zN ¼ zN , but a correct physical meaning
does not allow a trivial substitution. It must be noted that z is re-
lated to T and also that zN ¼ zN is referred to NT ¼ T0. The expand
operator creates a T-sequence from a NT-sequence by inserting zer-
oes where there is not a T-sequence value.

Exp : ½yNTðzNÞ�
T ¼ ŷTðzNÞ ð3Þ

The dual operation is performed by the skip operator that creates a
NT sequence from a T-sequence by avoiding N � 1 T-sequence val-
ues between two NT-sequence elements. It is formally defined as:

Skp : ½yTðzÞ�NT ¼ ŷNTðzNÞ ð4Þ

There are some interesting properties for these operators [19].
In order to recover the original sequences from lifted results in

the Z-transformed domain, an expand operator ðz#zNÞ [12] may be
used. Indeed, as it was said, the operator inserts N � 1 zeros be-
tween the lifted ‘‘samples’’, so that the original sequence yðzÞ is ob-
tained from ylðzNÞ with:

yðzÞ ¼ ð1 z�1 z�2 . . . z�ðN�1ÞÞylðzNÞ ð5Þ

because of the definition of lifting operation:

ylðzNÞ ¼

yl;0ðzNÞ
yl;1ðzNÞ

..

.

yl;N�1ðzNÞ

2
666664

3
777775 ¼

y0 þ yNz�N þ . . .

y1 þ yNþ1z�N þ . . .

..

.

yN�1 þ y2N�1z�N þ . . .

2
66664

3
77775

2.2. Model-based dual-rate control

Usually the point of departure is an indirect design, which is a
continuous controller GRðsÞ designed for a continuous process
model GpðsÞ and the discretized version GRðzÞ is calculated consid-
ering any feasible discretization method. Sometimes the sampling
period makes the discrete loop work with a poor behaviour and
even unstable. At these circumstances, if the control action fre-
quency is increased (usually by a factor of N), the dual-rate design
will lead to a significant improvement in its behaviour. Other con-
sideration may be to have a fast control loop and to assume an
increment (by a factor of N) in the measurement sampling period.
In this area, one alternative could be a model-based dual-rate con-
troller. In this case, the design procedure is described in the work
developed by [12] according to the scheme showed in Fig. 1 where
a non-conventional two-side controller is developed. Basically,
some desired closed loop model MðsÞ is firstly established (the ori-
ginal continuous scheme design), and this loop performance is in-
tended to be developed by means of a dual-rate controller. A slow

Fig. 1. Dual-rate control scheme.
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