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1. Introduction

According to each insurance contract, the insured pays a pre-
mium for a protection from an insurance company against an
insurable risk. There are several methods of determining the pre-
mium. One of them is the principle of equivalent utility, belonging
to the so-called economic methods of insurance contracts pricing.
The principle, proposed by Biihlmann (1970), involves the notion
of a utility function and postulates a fairness in terms of utility.
This means that the premium is defined in such a way that the
insurance company is indifferent between rejecting the contract
and entering into it. Let us recall that, if w € R is an initial wealth
of the insurance company and u : R — R is its continuous and
strictly increasing utility function, then the premium of equivalent
utility for a risk X, represented by a non-negative bounded random
variable on a given probability space, is defined as a unique solu-
tion H(X) of the equation

Elu(w + HX) — X)] = u(w). (1)

Eq. (1) defines a functional on a family of all risks, called the
principle of equivalent utility. In the case w = 0 the functional
is usually referred to as the zero utility principle. Several results
concerning these principles under Expected Utility Theory can be
found e.g. in Bowers et al. (1986), Biithlmann (1970), Gerber (1979)
and Rolski et al. (1999).

Recently, the principle of equivalent utility has been extended
onto various models of decision making under risk. Heilpern (2003)

E-mail address: chudziak@ur.edu.pl.

https://doi.org/10.1016/j.insmathec0.2018.02.001
0167-6687/© 2018 Elsevier B.V. All rights reserved.

proposed and investigated the principle under rank-dependent
utility model. Katuszka and Krzeszowiec (2012) introduced the
principle of equivalent utility based on Cumulative Prospect The-
ory developed by Tversky and Kahneman (1992). Some properties
of the principle in the latter setting have been studied in Katuszka
and Krzeszowiec (2012, 2013).

It has been noted in Kaluszka and Krzeszowiec (2012) that, in
order to get the existence and uniqueness of the principle, it is nec-
essary to impose certain conditions (continuity, strict monotonic-
ity) on a value function. However, it turns out that, in general, the
uniqueness of the principle depends not only on the properties of
the value function, but also on the relation between the probability
distortion functions for gains and losses. The aim of this paper is to
establish a necessary and sufficient condition for the existence and
uniqueness of the principle of equivalent utility under Cumulative
Prospect Theory.

The paper is organized as follows. In Section 2 we recall the
definition of the principle of equivalent utility under Cumulative
Prospect Theory. The main results are presented in Section 3.
Section 4 contains a conclusion. The proofs of auxiliary results are
included in the Appendix.

2. Principle of equivalent utility under Cumulative Prospect
Theory

As we have already pointed out, the principle of equivalent
utility under Cumulative Prospect Theory has been introduced by
Katuszka and Krzeszowiec (2012). The principle is based on the
notion of the generalized Choquet integral. In order to recall this
notion, assume that & is a family of all bounded random variables
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on a given probability space. Let g : [0, 1] — [0, 1] be a probability
distortion function, that is a non-decreasing function with g(0) = 0
and g(1) = 1. The Choquet integral of X € X with respect to g is
defined as follows

0 o0
E,[X] :/ (g(PX >t)—1) dt+/ g(P(X > t))dt. (2)
% 0
The generalized Choquet integral related to the distortion functions
g (for gains) and h (for losses) is given by

Egn[X] = Eg[max{X, 0}] — Ep[max{—X,0}] for X e x. (3)

Under Cumulative Prospect Theory, the premium of equivalent
utility for a risk, represented by a non-negative bounded random
variable X, is defined through the equation

Egn[u(w + H(X) — X)] = u(w), (4)

where w € R is a difference between an initial wealth and a
reference point of an insurance company and u : R — R is its
value function. It is remarkable that if g and h are conjugated, that
is if

h(p)=1-g(1—-p) for pe€l0,1],
then Egy[X] = Eg[X] for X € X and so Eq. (4) becomes

E[u(w + H(X) — X)] = u(w). (5)

Eq. (5) defines the principle of equivalent utility under rank-
dependent utility. Several properties of that principle have been
proved by Heilpern (2003).

3. Main results

In what follows, we assume that X, is a family of all non-
negative bounded random variables on a given non-atomic prob-
ability space. Furthermore, w € R is a difference between an
initial wealth and a reference point of the insurance company,
u : R — Ris its continuous and strictly increasing value function,
withu(0) = 0,andg, h : [0, 1] — [0, 1] are continuous probability
distortion functions for gains and losses, respectively. For X € X,
we put my := essinfX and My := esssupX. Furthermore, for
every X € X,, the functions Gy, Hy : R — [0, 1]and ¢)x : R —> R
are given by

Gx(t)=g(P(X < t)) for teR, (6)
Hy(t) = h(P(X > t)) for teR (7)
and

¢x(S) = Eghlu(w +s —X)] for seR, (8)

respectively. Note that, as g and h are continuous and non-
decreasing, for every X € X, Gx is left-continuous and non-
decreasing, while Hy is right-continuous and non-increasing.

The next theorem is the main result of the paper.

Theorem 3.1.

(a) If w # O then for every X € X, there is a unique real number
H(X) such that (4) is valid.
(b) If w = 0 then the following statements are equivalent:

(i) foreveryX € X, thereis a unique real number H(X) such
that (4) is valid;
(i)

g(1—p)+h(p)>0 for pel0,1]. 9)

The following three auxiliary results play an essential role in the
proof of Theorem 3.1.

Lemma 3.1. For every X € X, we have

ox(s) = ax(s) + Bx(s) for seR, (10)
where ay, Bx : R — R are given by
u(w+s—my)
ax(s) = / Gx(w+s—ul(t))dt for seR (11)
0
and
0
Bx(s) = —/ Hx(w+s—u~l(t))dt for seR.  (12)
u(w+s—My)

Lemma 3.2. Forevery X € X, the function ¢ is continuous.
Lemma 3.3. Let X € X,. Suppose that

dx(51) = Px(s2) = d forsome 51,5, € R, 51 < S3. (13)

Then d = 0 and there exists pg € (0, 1) such that
&(1 —po) + h(po) = 0. (14)

Proof of Theorem 3.1. Let X € X,. Since the generalized Choquet
integral is monotone (cf. e.g. Lemma 1 in Katuszka and Krzeszowiec
(2012)), we have

Egplu(w + my — X)] < Egy[u(w)] < Egp[u(w + My — X)].

Thus, as Egp[u(w)] = u(w), in view of (8), we get

dx(my) < u(w) < ¢x(Mx). (15)

Moreover, according to Lemma 3.2, ¢ is continuous. Hence, there
is sp € R such that ¢x(sp) = u(w). Furthermore, applying
Lemma 3.3, we conclude that if w # 0 or (9) holds then such a
So is unique. This proves assertion (a) and shows that in the case
where w = 0, we have (ii) = (i).

Now, suppose that w = 0 and (ii) does not hold. Then (14) is
valid for some pg € (0, 1). Let x € (0, co). Since the probability
space is non-atomic, there is a random variable X taking the values
0 and x with probabilities 1 — py and py, respectively. Thus, making
use of (2)-(3), we obtain

Egn[u(s — X)] = g(1 — po)u(s) + h(po)u(s — x) = 0
for s e [0, x].

This means that (i) does not hold. Therefore, we have proved that
(i) = (ii), which completes the proof of assertion (b).

Remark 1. If g and h are conjugated then g(1 — p) + h(p) =
1 for p € [0, 1]. Hence, applying Theorem 3.1, we obtain that
for every X € A&, there exists a unique real number H(X) such
that (5) holds. Therefore, for every w € R and every continuous
probability distortion function, the principle of equivalent utility
under rank-dependent utility, introduced by Heilpern (2003), is
uniquely defined.

4. Conclusion

The principle of equivalent utility under Cumulative Prospect
Theory has been introduced by Katluszka and Krzeszowiec (2012).
They have pointed out that, in order to get the existence and
uniqueness of the principle, it is necessary to impose some ad-
ditional conditions (continuity, strict monotonicity) on a value
function. However, it turns out that, in general, the uniqueness
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