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1. Introduction

Dynamic factor models have been extensively used in macroeconomics and finance since their introduction by Geweke
(1977) and Sargent and Sims (1977) as a way of capturing the cross-sectional and dynamic correlations between multiple
series in a parsimonious way. A far from comprehensive list of early and more recent applications include not only business
cycle analysis (see Litterman and Sargent (1979), Stock and Watson (1989, 1993)), Diebold and Rudebusch (1996) or Gregory
etal.(1997)and bond yields (Singleton (1981), Jegadeesh and Pennacchi (1996), Dungey et al. (2000) or Diebold et al. (2006)),
but also wages (Engle and Watson, 1981), employment (Quah and Sargent, 1993), commodity prices (Pefia and Box, 1987)
and financial contagion (Mody and Taylor, 2007).

An expanding, influential body of literature has shown that one may accurately recover the unobserved series by using
the frequency domain version of principal components put forward by Brillinger (1981, ch. 9) and further extended by Forni
et al. (2000) (FHLR), which is based on a non-parametric estimate of the spectral density matrix of the observed series (see
Forni et al. (2015) for more recent developments). In fact, it might even be possible to use static principal components if
certain additional assumptions hold (see Bai and Ng (2008)). Aside from avoiding the numerical optimisation of a criterion
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function, the main advantage of such methods is that they remain valid in the presence of some mild contemporaneous and
dynamic correlation between idiosyncratic terms when the cross-sectional dimension, N, is commensurate with the time
series dimension, T.

There are two closely related issues, though. First, the cross-sectional asymptotic boundedness conditions on the
eigenvalues of the autocovariance matrices of the idiosyncratic terms underlying the approximate factor structures originally
suggested by Chamberlain and Rothschild (1983) are largely meaningless in empirical situations in which N is small
relative to T. And second, although the factors could be regarded as a set of parameters in any given realisation, efficiency
considerations indicate that a signal extraction approach which treats the underlying latent variables as stochastic processes
would be more appropriate for such data sets. In addition, Doz et al. (2012) have recently closed the gap between the two
strands of the literature by proving the NT-consistency of the Gaussian pseudo ML estimators (MLE) of exact versions of
dynamic factor models even when not all the maintained assumptions hold.

In principle, Gaussian (P)MLEs of the parameters can be obtained from the usual time domain version of the log-
likelihood function computed as a by-product of the Kalman filter prediction equations or from Whittle's (1962) frequency
domain asymptotic approximation. Further, once the parameters have been estimated the Kalman smoother and its Wiener-
Kolmogorov counterpart provide optimally filtered estimates of the latent factors. These estimation and filtering issues are
well understood (see e.g. Harvey (1989)), and the same can be said of their numerical implementation (see Jungbacker
and Koopman (2015)). In practice, though, researchers avoid ML except in relatively small models because of the heavy
computational burden involved, which is disproportionately larger as the number of series considered increases.

To ameliorate this problem, Shumway and Stoffer (1982), Watson and Engle (1983) and Quah and Sargent (1993) applied
the Expectation-Maximisation (EM) algorithm in Dempster et al. (1977) to the time domain versions of these models, thereby
avoiding the computation of the likelihood function and its score. This iterative algorithm has been popular in various areas of
statistics and econometrics when the data set is incomplete or contains missing values, or the model can be posed in a similar
form, such as in the finite mixture models studied by Arcidiacono and Jones (2003) or the dynamic Markov switching models
considered by Hamilton (1990) and Fruhwirth-Schnatter (2007). Its popularity can be attributed mainly to the efficiency of
the procedure, as measured by its speed, and also to the generality of the approach and its convergence properties (see Ruud
(1991) for an elegant review of this method and McLachlan and Krishnan (1996) for a more thorough analysis).

However, the time domain version of the EM algorithm has only been derived for dynamic factor models in which the
latent variables follow pure AR processes (see again Doz et al. (2012)), and works best when the effects of the common
factors on the observed variables are contemporaneous, which substantially limits the class of models to which it can be
successfully applied. In particular, it excludes models in which either common or idiosyncratic factors follow ARMA processes.
As is well known, such processes combine autoregressive and moving average components in a rather parsimonious way,
and for that reason they are by far the most common approximations used to (Wold) represent univariate stationary series.
However, while AR processes often arise as difference equation-type representations of natural phenomena, the presence of
MA components is sometimes justified as a result of contemporaneous aggregation of several underlying components. On
this basis, one might argue that there is no need to introduce Ma terms in dynamic factor models.

Nevertheless, there are at least three compelling reasons for considering ARMA processes for common or idiosyncratic
factors. First, the temporal aggregation results in Bergstrom (1984) imply that discrete time observations will often
contain MA components even if the underlying continuous time processes follow first-order stochastic difference equations.
Obviously, the same applies to the increasingly popular continuous time versions of ARMA models (see Chambers and Thorton
(2012)). Second, the usual deseasonalisation procedures employed by the national statistical offices imply a transfer function
that substantially dampens the spectral density at high frequencies, which pure AR models struggle to capture (see Maravall
(1993)). Given that those filters tend to be very similar for closely related homogeneous series, they are likely to introduce
MA terms not only in the specific component of each series but also in the common one. Finally, recent macroeconomic
applications of dynamic factor models have often considered specifications in which the lagged latent variables appear as
additional factors (see again Bai and Ng (2008) and the references therein). In those circumstances, plausible cross-sectional
restrictions on the dynamic factor loadings made for parsimony reasons also introduce MA terms in the common factors.

In the context of general dynamic factor models with latent ARMA processes, we make two independent but complemen-
tary contributions. First, we introduce a frequency domain version of the EM algorithm, which exploits the heteroskedastic
factor structure of the spectral density matrix of the model to carry out the expectation stage very quickly. Nevertheless, a
standard implementation of our algorithm would still require O(N) numerical optimisations at each maximisation stage in
models with idiosyncratic MA components. For that reason, our second contribution is a very fast iterated indirect inference
procedure for estimating the parameters of univariate ARMA models, which is based on a sequence of simple auxiliary
OLS regressions of certain filtered series. Importantly, unlike existing indirect inference procedures for those models, our
proposed estimator entails no asymptotic efficiency loss for any finite number of iterations. Further, it will generally coincide
with the ML estimator in the limit.

The complementary between our proposals is twofold: (i) our iterated indirect inference method can be implemented
far more quickly in the frequency domain than in the time domain; and (ii) it can be very easily adapted to deal with latent
variables with only minor modifications.

Our combined proposal, differs from more standard applications of indirect estimation methods to factor models, which
typically rely on a simpler approximating model as auxiliary model. For example, in the case of a single factor with static
loadings we could fit univariate ARMA models to the first principal component of the observed series, as well as to the
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