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a b s t r a c t 

This paper shows that perturbation methods can be applied to a DSGE model with in- 

complete markets and a finite but arbitrarily large number of heterogeneous agents. We 

develop a simple but general solution technique that handles many state and choice vari- 

ables for each agent and thus has an extremely high-dimensional state space. The method 

is based on perturbations around a point at which the solution is known. The novel idea is 

to exploit the symmetry of the problem to overcome the curse of dimensionality. We use 

the analysis to demonstrate the impact of heterogeneity on macroeconomic quantities and 

the pricing of risk. Furthermore, we set our technique apart from standard methods used 

in the literature. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

A large body of literature in finance and macroeconomics makes the simplifying assumption that aggregate variables 

are determined by the behavior of a representative agent. In reality, different people earn different incomes, have different 

talents, and hold different expectations. For this heterogeneity to be reflected in aggregate outcomes, incompleteness of asset 

markets is essential. In reality, substantial amounts of idiosyncratic risk can only be partially insured. Labor income risk 

serves as a prime example. Modeling this type of idiosyncratic risk permits a more stringent test of our current economic 

theory since we can use information about the entire distribution of economic outcomes across the population. 

This paper proposes a numerical method and solves an incomplete markets model with a finite but arbitrarily large 

number of households. The algorithm is based on perturbation methods and thus is simple to apply and particularly well 

suited for economies in which the state space is large. We demonstrate that the solution around the deterministic steady 

state, the standard point of approximation for perturbation methods, is highly symmetric. Therefore, despite the state space 

consisting of distributions of state variables across households, computing the solution remains manageable. 
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We analyze a dynamic stochastic general equilibrium (DSGE) model with aggregate risk in production and an endoge- 

nous capital stock. A firm employs a Cobb-Douglas production technology to produce a single consumption good. Future 

total factor productivity is uncertain due to aggregate risk. Households maximize expected discounted utility given by an 

additively separable utility function with constant relative risk aversion in consumption. 

We add idiosyncratic shocks to labor income that households cannot insure against. Households only trade claims to cap- 

ital, which renders markets incomplete. As a result, equilibrium outcomes respond to idiosyncratic conditions. Households 

hold different levels of capital, which translates into inequality of wealth and consumption. 

The analysis of this model presents a difficult problem. Ultimately, we want to be able to study the interaction of house- 

holds’ choices and asset returns across states of the economy as well as the distribution of capital holdings and consumption 

across the population. Therefore, we need a solution method that solves for individual behavior and aggregate variables in- 

cluding asset prices as a function of the entire distribution of economic conditions. But, in turn, this distribution is affected 

by all individuals’ behavior. In other words, the state space might contain several distributions of variables across households. 

We lay out the mathematical structure of equilibrium conditions. We scale all standard deviations by a perturbation 

parameter σ such that a value of σ = 1 corresponds to our model of interest. Setting this parameter to zero allows us to 

study an auxiliary economy where we eliminate all uncertainty, the deterministic economy. 

To compute the equilibrium of our economy, we develop a solution technique for models with many heterogeneous 

agents and incomplete markets based on perturbation methods. Perturbation methods build an approximation of the optimal 

policies as functions of the state variables based on Taylor expansions. The first step is to find a special case of the model in 

which the solution is known. Our model possesses a well-defined deterministic steady state available in closed form around 

which we expand optimal policies with respect to all state variables. At the point of expansion, all households are identical 

in all respects and thus the distribution of capital is degenerate. Having pinned down the deterministic steady state, we 

build a Taylor expansion with respect to all state variables. We know that equilibrium outcomes are functions of the state 

space. Thus we expand the deterministic economy in all state variables. But since we allow for an arbitrarily large number 

of households, we also have an arbitrarily large number of state variables. 

The novel idea lies in exploiting the symmetry of decision rules across households. If two households are identical in 

their objectives, they respond identically to the same economic conditions. For example, starting out from a case where 

all households have identical state variables, a marginal increase in household one’s wealth will impact the decision of 

household two the same way that a marginal increase in household two’s wealth would impact household one’s decision. 

Exploiting this symmetry, we solve for the decision rules of all households as a function of the entire distribution of individ- 

ual states. As a result, we only need to expand the optimality condition for one household around the deterministic steady 

state. 

A second symmetry arises from the fact that all other households are “anonymous” to a household in the following sense. 

At the deterministic steady state, an increase in wealth of household two impacts household one the same way as an equal 

increase in household three’s wealth would. As a result, many coefficients in the Taylor series are identical. In an economy 

where the state space consists of the distribution of capital, only two coefficients need to be computed in the first-order 

approximation, the response to a marginal increase in one’s own capital and the response to a marginal increase in some 

other household’s capital. 

Recognizing these symmetries simplifies the problem substantially. First, we only need to expand the optimality condi- 

tions of one household. Second, we only need to compute few coefficients to reconstruct the entire Taylor series. We show 

that this is not an approximation but arises from the structure of the problem. This is true independent of the number of 

households and we can thus deal with an arbitrarily large cross-section of households. 

The last step of the algorithm makes the transition from the deterministic to the stochastic economy. Since shocks are 

part of the state space, the previous expansion delivers equilibrium reactions to known, deterministic changes in these state 

variables. For example, the previous expansion would compute the asset price reaction if the next period’s productivity was 

above its steady-state level. To move to the stochastic economy, we integrate over all possible realizations of the shocks and 

weight them by their probability. From this logic it follows immediately that we need a higher-order expansion. If we were 

to resort to a first-order approximation, integrating over the first-order approximation would not affect equilibrium behavior 

since a linear solution is certainty-equivalent. Higher-order expansions bring in the effects of uncertainty. A second-order 

approximation reflects the effect of the variance of shocks, a cubic approximation additionally takes the third moment into 

account, and so on. 

Our solution method is asymptotically valid and converges to the true solution within the radius of convergence. By 

adding higher moments, we can construct better approximations to the true policy function. In practice, of course, conver- 

gence is not complete. Therefore, we discuss a means of testing the accuracy of our solution. We plug our approximation 

into the equilibrium conditions to check its optimality. 

We discuss the generality of the solution method. It applies whenever equilibrium or optimality conditions for a compet- 

itive equilibrium or dynamic programming problems imply that the choice variables are smooth functions of state variables. 

The dynamic programming problem or competitive equilibrium can feature arbitrarily many state variables and is thus in- 

teresting for a large set of economic applications. We also discuss implementation of constraints as well as the addition of 

portfolio choice to our economy. 

Next, we demonstrate the results from our solution method. First, we confirm previous research in finding that hetero- 

geneity has an effect on the steady-state level of capital. Since households face idiosyncratic risk, they respond by building 
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