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In this paper we develop a testing procedure for the presence of a deterministic linear trend in
a univariate time series which is robust to whether the series is I(0) or I(1) and requires no
knowledge of the form of weak dependence present in the data. Our approach is motivated by
the testing procedures of Vogelsang [1998, Econometrica, vol 66, p123–148] and Bunzel and
Vogelsang [2005, Journal of Business and Economic Statistics, vol 23, p381–394], but utilises an
auxiliary unit root test to switch between critical values in the exact I(1) and I(0)
environments, rather than using this unit root test to scale the test statistic as is done in the
aforementioned procedures. We show that our proposed tests have uniformly greater local
asymptotic power than the tests of Vogelsang (1998) and Bunzel and Vogelsang (2005) when
the error process is exact I(1), identical local asymptotic when the error process is I(0), and
have better overall local asymptotic power when the error process is near I(1). Our proposed
tests also display superior finite sample power to the tests of Vogelsang (1998) and Bunzel and
Vogelsang (2005) and are competitive in finite samples with tests designed to be optimal in
both the exact I(1) and I(0) environments. We apply our test procedures to a number of equity
indices and find that these series appear to have a significant upward deterministic trend, yet
are also highly persistent about this long run growth path.
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1. Introduction

The ability to detect the presence and magnitude of a deterministic trend in an economic time series is of key importance
when conducting empirical analysis, the presence of a linear trend being of particular relevance for the purpose of forecasting or
testing for the presence of a unit root. In the latter case, failure to correctly specify a trend when it is indeed present is known to
have an adverse effect, resulting in non-similar and inconsistent tests, as demonstrated by Perron (1998). Similarly, the power of
unit root tests to reject the null under the I(0) alternative when a trend is unnecessarily included in a model specification is
reduced, see inter alia Marsh (2009) and Ellliot et al. (1996). The presence of a deterministic trend in an economic or financial
time series can also be of interest in its own right, since a linear trend is compatible with a degree of underlying long run growth
in the series. For example, this is of particular interest when considering the long run behaviour of stock prices and indices, where
an underlying upward trend implies a long run average return. Moreover, the outcome of statistical tests of the efficient market
hypothesis (EMH) is necessarily contingent on correct specification of the trend component of prices (or, equivalently, the mean
component of returns).
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Testing for the presence of a linear trend is complicated by the fact that in practice it is typically not known whether the
underlying process is I(0) or I(1). For example, uncertainty as to the degree to which financial markets are efficient suggests
that one would not want to make an a priori assumption regarding the presence or absence of a unit root in the series from the
outset. We therefore require tests for a linear trend that are robust to whether a series is I(0) or I(1) when determining
whether a trend is present. There have been a number of papers suggesting testing procedures for detecting a deterministic
trend function which are robust to the order of integration of the data including, inter alia, Vogelsang (1998), Bunzel and
Vogelsang (2005), Harvey et al. (2007) and Perron and Yabu (2009). Vogelsang (1998) and Bunzel and Vogelsang (2005)
employ an auxiliary unit root test statistic to line up the critical values of a t-statistic based on the levels of the data in the
exact I(1) and I(0) environments. The approach taken in Harvey et al. (2007) utilises an auxiliary unit root or stationary test
statistic to switch between the optimal trend function test in the exact I(1) and I(0) environments, and, as such, the test
achieves the Gaussian asymptotic local power envelope in both cases. Perron and Yabu (2009) use a “super-efficient” estimate
of the autoregressive parameter to construct a GLS based test statistic that also achieves the Gaussian asymptotic local power
envelope in both the exact I(1) and I(0) cases.

Compared to the tests of Harvey et al. (2007) and Perron and Yabu (2009), the tests of Vogelsang (1998) and Bunzel and
Vogelsang (2005) have the advantage of better size control in finite samples in the exact I(1) environment when the errors are i.i.d.,
albeit at the expense of relatively poor power properties, with the tests of Harvey et al. (2007) and Perron and Yabu (2009) fairly
similar in terms of their overall performance. In the local to I(1) environment the results are less clear, with all tests displaying
significant undersize, and no one test dominating in terms of overall power.

In this paperwe propose amodification to the testing procedures of Vogelsang (1998) and Bunzel and Vogelsang (2005) in which
an auxiliary unit root test statistic is used to scale the critical value of the test rather than the test statistic itself. We find the proposed
modification yields a test that has uniformly greater local asymptotic power than the tests of Vogelsang (1998) and Bunzel and
Vogelsang (2005) when the error process is exact I(1), has identical local asymptotic power when the error process is I(0) and has
better overall finite sample properties. We also find that the proposed tests are competitive in finite samples when compared to the
optimal tests of Harvey et al. (2007) and Perron and Yabu (2009).

The paper is organised as follows. Section 2 outlines the model. Extant tests for a deterministic linear trend are outlined in
Section 3. In Section 4 we outline our proposed tests. In Section 5 the limiting distribution and local asymptotic power of the
tests are detailed. Section 6 reports results of Monte Carlo simulations performed in order to assess the finite sample size and
power properties of the proposed tests relative to existing tests. Section 7 reports results of an empirical exercise in which we
apply the test statistics outlined in this paper to a number of US and UK equity indices. Concluding remarks are made in
Section 8.

2. The linear trend model

Consider a sample of T observations generated according to the following data generating process (DGP)

yt ¼ μ þ βt þ ut ; t ¼ 1;…; T ð1Þ

ut ¼ αTut−1 þ εt ; t ¼ 2;…; T: ð2Þ

Following Vogelsang (1998), Bunzel and Vogelsang (2005) and Harvey et al. (2007) we assume that the process {εt} is such
that

εt ¼ C Lð Þet ;C Lð Þ :¼
X∞
i¼0

CiL
i

with C(z) ≠ 0 for all |z| ≤ 1 and∑ i = 0
∞ i|Ci| b ∞, and where {et, Ft} is a martingale difference sequence with E(et2|Ft − 1) = 1 and

suptE(et4|F t − 1) b ∞. We also define ωε
2 := limT → ∞T

−1E(∑t = 1
T εt)2 = C(1)2. The initial condition, u1, is assumed to be Op(1).

These assumptions ensure that we can apply a Functional Central Limit Theorem (FCLT) to the partial sums of {εt}, so that
T−1=2∑ rT½ �

t¼1εt→d ωεw rð Þ where ⌊.⌋ denotes the integer part of its argument, →d denotes weak convergence and w(r) is a standard
Wiener process.

The autoregressive parameter in Equation (2) determines the order of integration of the series. When αT = α and |α| b 1
the series is I(0), whereas if αT ¼ 1−α=T the series is near I(1), with α ¼ 0 corresponding to an exact I(1) process. Under

these assumptions a FCLT applies to the partial sum of {ut} defined as St := ∑ j = 1
t uj. When {ut} is I(0), T

−1=2S⌊rT⌋→
d σw rð Þ, where

σ2 := C(1)2/(1 − α)2. When {ut} is near I(1), T
−1=2u⌊rT⌋→

d ωεwα rð Þ, where wα rð Þ :¼ ∫
r

0
exp −α r−sð Þð Þdw sð Þ.

The null hypothesis of interest is H0 : β = β0. This null hypothesis can be tested against either the two-sided alternative H1 :
β ≠ β0, or against either the right-tailed alternative H1′ : β N β0 or the left tailed alternative H1

″ : β b β0. The leading case of
interest is where β0 = 0, so that the null and alternative hypotheses signify the absence or presence of a linear trend,
respectively. When analysing the asymptotic performance of the tests outlined in this paper it will prove useful to consider
the local alternative hypotheses of H10 : β = β0 + κT−3/2 and H11 : β = β0 + κT−1/2, where κ is a finite constant, with the
scalings T−3/2 and T−1/2 providing the appropriate Pitman drifts under I(0) and I(1) errors, respectively.
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