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a b s t r a c t

We consider a many-to-one matching market with externalities among firms where each firm’s
preferences satisfy substitutability, increasing choice and no external effect by unchosen workers, which
are defined by Bando (2012). We first illustrate that a sequential version of the deferred acceptance (DA)
algorithmwithworker-proposingmay not find aworker-optimal quasi stablematching. Then,we provide
amodified DA algorithm inwhich (i) eachworker simultaneously proposes to hismost preferred firm that
has not rejected him and (ii) each firm chooses its acceptable workers from the cumulative set of workers
who have ever proposed to it, assuming that the other workers proposing to its rival firms are hired. We
show that this algorithm finds a worker-optimal quasi stable matching. We also show that this algorithm
can be generalized into a fixed point algorithm.

© 2014 Published by Elsevier B.V.

1. Introduction

Since the seminal paper of Gale and Shapley (1962), two-
sidedmatching problems have been extensively analyzed bymany
researchers.1 Pairwise stability is the main solution concept used
in two-sided matching problems. In a stable matching, each agent
cannot be better off by rejecting his current partner and no pair
of agents prefers each other over their current partner. Gale and
Shapley (1962) showed the existence of a stable matching by the
well-known deferred acceptance (DA) algorithm in a marriage
market. They also showed that interests of agents on the same
side coincide in the set of stable matchings in that there exists
a stable matching that all men (or women) weakly prefer over
any other stable matching. In practice, this property is important
when a social planner chooses a single outcome from multiple
stable matchings. The coincidence of interests in the set of stable
matchings is extended to more general models (cf. Kelso and
Crawford (1982) and Roth (1984)). These studies typically assume
that each agent’s preferences depend only on his current partners.

In labor markets, however, it is natural to consider that each
firm’s preferences depend not only on workers whom it hires, but
also on workers whom its rival firms hire, since they compete
among themselves in amarket. There has been a growing literature
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1 We refer the reader to Roth and Sotomayor (1990) for a detailed study of the
literature.

on themarketwith externalities (cf. Sasaki and Toda (1996), Hafalir
(2008), Mumcu and Saglam (2010) and Bando (2012)).2 In
particular, Bando (2012) introduced the notion of quasi stability in
amany-to-onematchingmarket with externalities among firms. It
was shown that if each firm’s preferences satisfy substitutability,
increasing choice and no-external effect by unchosen workers,
then there exists a quasi stable matching. The main purpose of
this paper is to consider the existence of a worker-optimal quasi
stable matching and a worker-worst quasi stable matching under
the same preference domain of Bando (2012).

We first examine the construction in the existence proof
by Bando (2012). The analysis reveals that we can find the
worker-worst quasi stable matching by iteratively satisfying a
quasi blocking pair from an initial matching in which no agents
are matched. However, we cannot directly apply this algorithm
to find a worker-optimal stable matching. Similarly, a sequential
version of the DA algorithm in which (i) an unmatched worker
proposes to his most preferred firm that has not rejected him and
(ii) the proposed firm chooses the acceptable workers based on
the current matching may not find a worker-optimal quasi stable
matching or a quasi stable matching. The failure is caused by the
fact that firms may have incentives to rehire a worker that it has
rejected earlier.

This paper provides a modified DA algorithm that finds a
worker-optimal quasi stable matching. The algorithm is a DA

2 The differences of these studies are discussed in Section 2.2.
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algorithm where (i) each worker simultaneously proposes to his
most preferred firm that has not rejected him and (ii) each
firm chooses its acceptable workers from the cumulative set of
workers who have ever proposed to it, assuming that the other
workers proposing to its rival firms are hired. The property (ii)
rules out the incentive that firms rehire workers in the algorithm
and guarantees that the termination of the algorithm produces a
worker-optimal quasi stable matching.

We also show that the modified DA algorithm can be
generalized into a fixed point algorithm similar to those defined
by Adachi (2000) and Echenique and Oviedo (2004).3 The
advantage of the fixed point approach is that the same procedure
can be used to find both extremes by changing the starting point.
In the fixed point method, the set of quasi stable matchings is
characterized as the set of fixed points of an increasing function
from a finite lattice to itself, and Tarski’s fixed point theorem is
used to show a lattice structure of the set of quasi stablematchings.
The partial order used in this model is the same as in Ostrovsky
(2008).

Another natural question is whether it is a dominant strategy
for each worker to report true preferences under the mechanism
that assigns a worker-optimal quasi stable matching. In one-to-
one matching market without externalities, Dubins and Freedman
(1981) and Roth (1982) showed that the truth-telling is a
dominant strategy for each worker under the worker-optimal
stable matching mechanism.4 Unfortunately, this property does
not hold when externalities exist.

The rest of this paper is organized as follows. Section 2
introduces themodel and the stability concepts. Section 3 analyzes
the algorithm considered in Bando (2012) and the sequential DA
algorithm with worker-proposing. In Section 4, we define the
modified DA algorithm and show that it finds a worker-optimal
quasi stable matching. In Section 5, the fixed point algorithm is
defined. Section 6 discusses some additional results.

2. Preliminaries

2.1. Many-to-one matching with externalities among firms

Let F = {f1, . . . , fm} be the set of m firms and W = {w1, . . . ,
wn} be the set of n workers. F and W are disjoint sets. A matching
µ is a function from F ∪ W into 2F∪W such that for all w ∈ W
and all f ∈ F , (i) µ(w) ∈ 2F and |µ(w)| ≤ 1, (ii) µ(f ) ∈ 2W

and (iii) µ(w) = {f } if and only if w ∈ µ(f ). Let M(F ,W ) be
the set of matchings. We often regard a matching µ as a tuple
(µ(f1), . . . , µ(fm)). Given µ ∈ M(F ,W ), f ∈ F and C ⊆ W , we
say that a matching µf ,C is obtained from µ by satisfying f and C if
it satisfies the following conditions:

if w ∈ C , then µf ,C (w) = {f },
if w ∈ µ(f ) \ C , then µf ,C (w) = ∅,
if w ∉ C ∪ µ(f ), then µf ,C (w) = µ(w).

For µ ∈ M(F ,W ) and f ∈ F , we write ∪f ′∈F\{f } µ(f ′) by µ(−f ).
That is, µ(−f ) is the set of workers who are hired by f ’s rival firms
in µ.

Each worker w has a strict, transitive and complete preference
relation ≽w over F ∪ {∅}, where ‘‘∅’’ represents unemployment for

3 Fleiner (2003), Echenique and Oviedo (2006), Hatfield and Milgrom (2005),
and Ostrovsky (2008) also used the fixed point algorithm in the matching model
without externalities. Echenique and Yenmez (2007) provided an algorithm to
find all matchings in the core or report that the core was empty in many-to-one
matching markets with peer effects by using a fixed point method.
4 This result is generalized into the model of matching with contracts by Hatfield

and Milgrom (2005).

eachworker. For eachw ∈ W and f ∈ F , we say that f is acceptable
forwwhen f ≻w ∅ holds. The choice function of aworker is defined
as follows. For each w ∈ W and S ⊆ F , let Chw(S) be an element of
S ∪ {∅} such that Chw(S) ≽w f ′ for all f ′

∈ S ∪ {∅}.
Each firm f has a strict, transitive and complete preference

relation ≽f over M(F ,W ). The choice function of a firm is defined
as follows. For f ∈ F and C ⊆ W , define

R(f , C) = {µ ∈ M(F ,W )|µ(f ) = ∅ and µ(w) = ∅ for all w ∈ C},

which is the set of matchings where all workers in C are
unemployed and firm f does not hire any workers. For each µ ∈

R(f , C), f ’s choice function Chf (C |µ) is firm f ’s most preferred
subset of C given µ; that is, Chf (C |µ) is the set such that (i)
Chf (C |µ) ⊆ C and (ii) µf ,Chf (C |µ)

≽f µf ,C ′

for all C ′
⊆ C .

We now introduce restrictions on the preferences for firms.
First, we assume that each firm’s choice function depends on µ
only through the workers hired by its rival firms and does not
depend on the particular rival that hires them.5 That is, for any
f ∈ F , any C ⊆ W and any µ, µ′

∈ R(f , C), µ(−f ) = µ′(−f )
implies Chf (C |µ) = Chf (C |µ′). Then, we can regard a choice
function as a function from△ to 2W , where△ = {(C1, C2)|C1, C2 ⊆

W with C1 ∩ C2 = ∅}.
Substitutability (SUB), increasing choice (IC) and no external

effect by unchosen workers (NEUW) are defined as follows:

• Firm f ’s preferences satisfy SUB if for any (C1, C2) ∈ △, w, w′
∈

Chf (C1|C2) and w ≠ w′ imply w ∈ Chf (C1 \ {w′
}|C2).

• Firm f ’s preferences satisfy IC if for any (C1, C2), (C ′

1, C
′

2) ∈ △,
C1 = C ′

1 and C2 ⊆ C ′

2 imply Chf (C1|C2) ⊆ Chf (C ′

1|C
′

2).
• Firm f ’s preferences satisfy NEUW if for any (C1, C2) ∈ △,

w ∉ Chf (C1|C2) and w ∈ C1 imply Chf (C1 \ {w}|C2) = Chf (C1 \

{w}|C2 ∪ {w}).

SUB is originally introduced by Kelso and Crawford (1982) and is
a sufficient condition for the existence of a stable matching in a
many-to-one matching market without externalities. IC requires
that the choice function of a firm expands when the set of workers
hired by its rival firms expands. Under IC, a firm may additionally
hire new workers when its rival firms additionally hire new
workers. NEUW means that the external effect to firm f ’s choice
function is caused only by an important worker for firm f .6

2.2. Stability and optimality

In this subsection, we introduce stability concepts. We first
provide the strong stability which is considered in Mumcu and
Saglam (2010). A matching µ is individually rational for workers if
µ(w) ≽w ∅ for allw ∈ W and for firms if Chf (µ(f )|µ(−f )) = µ(f )
for all f ∈ F .We say that amatchingµ is individually rationalwhen
it is individually rational for workers and firms.

A matching µ is weakly blocked by (f , C) ∈ F × 2W if (i)
C \ µ(f ) ≠ ∅, (ii) µf ,C

≻f µ and (iii) f ≽w µ(w) for all w ∈ C .
A matching µ is strongly stable if it is individually rational and
is not weakly blocked. In the following example, a strongly stable
matching does not exist.

≽f1 : (∅, ∅), ({w1}, ∅), (∅, {w1}),

≽f2 : (∅, {w1}), (∅, ∅), ({w1}, ∅)

≽w1 : f1, f2, ∅.

Note that (∅, {w1}) is weakly blocked by (f1, {w1}), ({w1}, ∅) is
not individually rational for f1 and (∅, ∅) is weakly blocked by
(f2, {w1}).

5 Increasing choice defined by Bando (2012) implies this condition.
6 See Bando (2012) for the detailed explanation.
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