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HIGHLIGHTS

e A simple no-bubble theorem that applies to a wide range of deterministic sequential economies with infinitely lived agents is established.
e The theorem shows that asset bubbles never arise if at least one agent can reduce his asset holdings permanently from some period onward.
e The theorem is based on the optimal behavior of a single agent, requiring virtually no assumption beyond the strict monotonicity of preferences.
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We establish a simple no-bubble theorem that applies to a wide range of deterministic sequential
economies with infinitely lived agents. In particular, we show that asset bubbles never arise if at least
one agent can reduce his asset holdings permanently from some period onward. Our no-bubble theorem
is based on the optimal behavior of a single agent, requiring virtually no assumption beyond the strict

monotonicity of preferences. The theorem is a substantial generalization of Kocherlakota’s (1992) result
on asset bubbles and short sales constraints.
© 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Since the global financial crisis of 2007-2008, there has been a
surge of interest in rational asset pricing bubbles, or simply “asset
bubbles”. Numerous economic mechanisms that give rise to asset
bubbles are still being proposed. In constructing models of asset
bubbles, it is important to understand the conditions under which
asset bubbles do or do not exist. While the conditions for the
existence of bubbles are mostly restricted to specific models, some
general conditions for nonexistence are known.

Most of the results on the nonexistence of bubbles, or no-bubble
theorems, for general equilibrium models can be grouped into
two categories. A no-bubble theorem of the first category typically
states that asset bubbles never arise if the present value of the
aggregate endowment process is finite. Wilson's (198 1, Theorem 2)
result on the existence of a competitive equilibrium can be viewed
as an earlier example of a no-bubble theorem of the first category.
Santos and Woodford (1997, Theorems 3.1, 3.3) established cele-
brated no-bubble theorems of this category, which were extended
by Huang and Werner (2000, Theorem 6.1) and Werner (2014,
Remark 1, Theorem 1) to different settings.
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Unlike these results, no-bubble theorems of the second cate-
gory are mostly based on the optimal behavior of a single agent
without relying on the present value of the aggregate endowment
process. For example, in a deterministic economy with finitely
many agents, Kocherlakota (1992, Proposition 3) showed that asset
bubbles can be ruled out if at least one agent can reduce his asset
holdings permanently from some period onward.! Obstfeld and
Rogoff (1986) used a similar idea earlier to rule out deflationary
equilibria in a money-in-the-utility-function model? These results
rely on the necessity of a transversality condition, and a fairly
general no-bubble theorem based on the necessity of a transver-
sality condition was shown by Kamihigashi (2001, p. 1007) for
deterministic representative-agent models in continuous time.>

In this paper we establish a simple no-bubble theorem of the
second category that can be used to rule out asset bubbles in an
extremely wide range of deterministic models. We consider the
problem of a single agent who faces sequential budget constraints
and has strictly monotone preferences. We show that asset bubbles
never arise if the agent can reduce his asset holdings permanently

1 santos (2006) showed a similar result on the value of money in a general cash-
in-advance economy.

2 See Kamihigashi (2008a, b) for results on asset bubbles in related models.

3 See Kamihigashi (2002, 2003, 2005) for further results on necessity of transver-
sality conditions.
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from some period onward. This result is a substantial generaliza-
tion of Proposition 3 in Kocherlakota (1992). Our contribution is to
show that this no-bubble theorem holds under extremely general
conditions.

The rest of the paper is organized as follows. In Section 2 we
present a single agent’s problem along with necessary assump-
tions, and formally define asset bubbles. In Section 3 we offer sev-
eral examples satisfying our assumptions. In Section 4 we state our
no-bubble theorem and show several consequences. In Section 6
we offer some concluding comments. Longer proofs are relegated
to the appendices.

2. The general framework
2.1. Feasibility and optimality

Time is discrete and denoted by t € Z. . There is one consump-
tion good and one asset that pays a dividend of d; units of the
consumption good in each period t € Z,. Let p; be the price of
the asset in period t € Z.. Consider an infinitely lived agent who
faces the following constraints:

Ct +pese =Ye +(pe +de)se—1, ¢ >0, VteZy,

(2.1)
seS(s-1,y,p,d), 2.2
where ¢; is consumption in period t, y; € R is (net) income
in period t, s; is asset holdings at the end of period t with s_;
historically given, and S(s_1, ¥, p, d) is a set of sequences in R with
s = s}y = WeliZo b = P}y and d = {di};Z,. We offer
several examples of (2.2) in Section 3.1.

Let C be the set of sequences {c;}, inRR,.Forany ¢ € C, we let
{ce)p2, denote the sequence representation of ¢, and vice versa. We
therefore use ¢ and {c;}{2, interchangeably; likewise we use s and
{s¢}i2, interchangeably, and so on. The inequalities < and < on the
set of sequences in R (which includes C) are defined as follows:

(2.3)
(2.4)

c<c & VteZ, ¢ =<c,

c<cd & c<cdand3IteZi, c <.

The agent’s preferences are represented by a binary relation <
on C. More concretely, for any ¢, ¢’ € C, the agent strictly prefers
¢’ tocif and only if c < ¢’. Assumptions 2.1 and 2.2, stated below,
are maintained throughout the paper.

Assumption 2.1. d; > Oand p; > Oforallt € Z,.

We say that a pair of sequences ¢ = {¢;};2,and s = {s;}2, inR
isaplan; thata plan (c, s) is feasible if it satisfies (2.1) and (2.2); and
that a feasible plan (c*, s*) is optimal if there exists no feasible plan
(c, s) such that ¢* < c. Whenever we take an optimal plan (c*, s*)
as given, we assume the following.

Assumption 2.2. For any ¢ € C with ¢* < ¢, we have ¢* < c.

This assumption holds if < is strictly monotone in the sense that
for any ¢, ¢’ € ¢ with ¢ < ¢/, we have ¢ < ¢’. While this latter
requirement may seem reasonable, there is an important case in
which it is not satisfied; see Example 3.2.

2.2. Asset bubbles

In this subsection we define the fundamental value of the asset
and the bubble component of the asset price in period t € Z,
using the period t prices of the consumption goods in periods
t,t+1,....Tobe more concrete, let qo ; be the period O price of the
consumption good in period t € Z,. It is well known (e.g. Huang

and Werner, 2000), (8)) that the absence of arbitrage implies that
there exists a price sequence {qop (} such that

Vt € Zy, qo:Pr = qo.cr1(Pes1 + dey1), (2.5)
VteN, qor>0, (2.6)
G =1. 2.7)

Under Assumption 2.1, conditions (2.5) and (2.7) uniquely de-
termine the price sequence {qo}. For the rest of the paper, we
consider the price sequence {qo .} given by (2.5) and (2.7).

Fort e Nandi € Z, we define

Qe.e+i = Go,e+i/G0,¢ (2.8)

which is the period t price of consumption in period t +i. Note that
qo,t+i 9o, t+i+j
qo.t  qo,r+i

Lett € Z,.Eqs.(2.5)and (2.8) give us pr = q¢.r+1(Pes+1 + des1)-
By repeatedly applying this equality and (2.9), we obtain

Vi,j,t € Z4,

qt,t+iqt+it+i+j = = qt,t+i+j- (2.9)

Pr = Gee+1de+1 + Gre+1DPe41 (2.10)
= qr.er1de11 + Geer19e1.e2(Der2 + dey2) (2.11)
= qr.e+1de11 + Geev2dei2 + Geeg2Des2 (2.12)
(2.13)

n
= th,t+idt+i + qt.t+nPern, YN €N (2.14)

i=1

Since the above finite sum is increasing in n € N/ it follows that
oo

pe = Z e.e+ideyi + 1im qe ey nPein. (2.15)
‘= ntoo

As is commonly done in the literature, we define the fundamen-

tal value of the asset in period t as the present discounted value of
the dividend stream from period t 4+ 1 onward:

fr= thtﬂ'dtﬂ'- (2.16)
i=1

The bubble component of the asset price in period t is the part of p;
that is not accounted for by the fundamental value:

bt =pt — f. (2.17)

It follows from (2.15)-(2.17) that

by = lim q; rynDen- (2.18)

ntoo

Using (2.9) we see that

Go,¢ im @t tnPr+n = 1imM qo tnPryn = lim qo ip;. (2.19)
ntoo ntoo itoo

Hence, (2.18) and (2.6) give us

1%m qoipi=0 <& VteZy, by=0. (2.20)

1700

3. Examples

In this section we present several examples of (2.2) as well as
examples of preferences that satisfy Assumption 2.2. Some of the
examples are used in Section 4.

4 n this paper, “increasing” means “nondecreasing”, and “decreasing” means
“nonincreasing”.
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