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h i g h l i g h t s

• We employ Green–Kubo formulae to investigate the transport properties of Langevin model.
• Langevin velocity model predicts the Prandtl number to be 3/2 for monatomic gas.
• Langevin acceleration model could adjust the Prandtl number with an additional time scale.
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a b s t r a c t

Recently, the Langevin dynamics method has been applied to simulate gas flows. It is very
crucial to evaluate whether the Langevin dynamics could correctly predict transport prop-
erties of gas or not. In this paper, the transport properties of Langevin velocity model and
acceleration model are analyzed by using Green–Kubo formulae. For the Langevin velocity
model, the time correlation functions have the exact exponent forms, and the Prandtl num-
ber for monatomic gas is predicted to be 3/2. For the Langevin acceleration model with an
additional time scale, the molecular movements change from Markovian process to Non-
Markovian process, and the Prandtl number could be adjusted to some extent. In the limit
of equilibrium, there is a minimum about 1.298 for the Prandtl number of monatomic gas
when the two time scales are equal in Langevin acceleration model. Besides theoretical
analyses, molecular simulations according to the Langevin velocity model and acceleration
model are performed, and the simulation results validate our analytical solutions.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

A stochastic algorithm based on Langevin equation, has been proposed to simulate rarefied gas flows recently [1–3].
Here we call it Langevin simulationMonte Carlo (LSMC)method. Comparing with the direct simulationMonte Carlo (DSMC)
method [4,5], which has been very popular in the simulation of rarefied gas flows, the LSMC method is more efficient for
simulating small Knudsen number flows. It is known that in DSMC method, the molecular movements and inter-molecular
collisions are assumeduncoupled during small time intervals.Molecularmotions aremodeled deterministically,while inter-
molecular collisions are treated statistically. For accurate DSMC applications, the sizes of cell within which molecular col-
lision partners are selected should be less than mean free path of molecules, and the time steps should be less than mean
collision time. Therefore, DSMCwould become computationally very expensive for the simulation of small Knudsen number
flows. On the other hand, the Langevin equation uses drift term and diffusion term to describe molecule movements, and
no direct molecular collisions have to be modeled. This allows the LSMC method to proceed with much larger time step
than that used in DSMC method. Using Langevin simulation, very good agreement of molecular stresses and mean velocity
in comparison with DSMC, linearized Boltzmann and experiment has been achieved [1,3].
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According to the principle of stochastic process, the Langevin equation is closely related to the Fokker–Planck equa-
tion [6], and the LSMCmethod could be regarded as a stochastic solution of the Fokker–Planck equation. The relationbetween
LSMCmethod and Fokker–Planck equation is similar to the relation between DSMCmethod and Boltzmann equation. Based
on gas kinetic theory, the Fokker–Planck equation could be considered as an approximation of Boltzmann equation [7].Many
researchers have discussed the Fokker–Planck description as a model equation for gas dynamics. For example, Lebowitz
et al. [8] and Pawula [9] tried to approximate the Boltzmann equation by a Fokker–Planck equation with a simple drift
model, which results in a wrong Prandtl number for monatomic gas molecules. Since the Prandtl number is very important
for the heat transport phenomena, many efforts have been made for the Fokker–Planck model to provide correct Prandtl
number. Heinz [10] introduced an acceleration model with an additional time scale, which could be used to adjust the
Prandtl number. With the acceleration model, the molecule movements change fromMarkovian process to Non-Markovian
process. Yano et al. [11] proposed a Fokker–Planck equation with a source term to correct Prandtl number. Recently, Gorji
et al. [2] introduced a cubic non-linear drift term in Fokker–Planck equation, and this model leads to the correct Prandtl
number for monatomic gas. In the equilibrium limit, the non-linear drift model automatically regresses to be linear.

In this paper, we employed the Green–Kubo formulae [12] to analyze the transport properties of Langevin equation,
including velocity model and acceleration model proposed by Heinz [10]. The Green–Kubo relations give the exact mathe-
matical formulae for transport coefficients in terms of integrals of time correlation functions of some specific microscopic
flux. Based on the Langevin model and Ito calculus [13], we could directly obtain the analytical solution of velocity for each
molecule, and then the time correlation functions are determined. Using Green–Kubo formula, we obtain the analytical so-
lutions of transport coefficients, and the corresponding results are presented in Sections 2 and 3 for the Langevin velocity
model and acceleration model, respectively. In order to validate our analytical results, molecular simulations under equilib-
rium condition are performed, and the corresponding results are shown in Section 4. The discussions and conclusions are
presented in Section 5.

2. Analysis of Langevin velocity model

Let us consider simple Langevin model for the velocity ux of one molecule in x direction,

dux

dt
= −
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, (1)

where ⟨ux⟩ is the mean, or macroscopic velocity of molecules, τ is the characteristic relaxation time scale of molecular
velocities, es refers to the specific kinetic energy ofmolecules, i.e., es =
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Note that our analysis is performed under equilibrium condition, and hence ⟨ux⟩ equals zero. Meanwhile, the kinetic energy
is constant and equal to 3

2RT , where R is the gas constant, and T is the temperature of system.
Using Ito calculus [13], the exact solution of Eq. (1) could be written as
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Similarly, the evolutions of velocities in y and z direction are
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Having these expressions of velocity evolutions, the transport coefficients can be obtained by using Green–Kubo rela-
tions [12], which give the diffusion, viscosity and thermal conductivity coefficients as follows:

D =


+∞
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⟨ux(0)ux(t)⟩ dt, (7)
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