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a b s t r a c t

Surface-potential-based mathematical models are among the most accurate and physically based
compact models of thin-film transistors, and in turn of indium gallium zinc oxide TFTs, available today.
However, the need of iterative computations of the surface potential limits their computational efficiency
and diffusion in CAD applications. The existing closed-form approximations of the surface potential are
based on regional approximations and empirical smoothing functions that could result not accurate
enough in particular to model transconductances and transcapacitances. In this work we present an
extremely accurate (in the range of nV) and computationally efficient non-iterative approximation of
the surface potential that can serve as a basis for advanced surface-potential-based indium gallium zinc
oxide TFTs models.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Amorphous indium gallium zinc oxide (a-IGZO) is a very
promising candidate for the next generation thin-film transistors
(TFTs) technology, thanks to the large electron mobility exceeding
10 cm2/V s, optical transparency, mechanical flexibility, low
temperature deposition, solution processability, good device
stability [1,2]. In the near future, a-IGZO TFTs are expected to be
used in high definition flexible displays, sensors, memories, and
high-functionality circuits. The development of such applications
requires accurate circuit simulation and extensive technology
characterization that, in turn, relies on compact physically-based
device models [3]. Surface potential based thin-film transistors
models provide a consistent and accurate expression of currents
and charges valid in all the operating regions [3–6]. They have
emerged as a better alternative to the threshold voltage-based
models as they are suitable for circuits at low power supply volt-
ages and allow a deep physical modeling including the subthresh-
old region. Surface-potential-based models (SPBMs) represent an
attempt to increase the physical content of compact device models,
to reduce the complexity and the number of fitting parameters. On
the other hand, the main drawback of SPBMs is the need for elab-
orate computations of the surface potential: it is usually calculated
by an iterative solution of the well-known Gauss transcendental
equation [3–7]. This procedure is computationally expensive,

sometimes does not converge to the solution, and represents a sig-
nificant detriment to implement SPBMs in popular circuit
simulators.

Aim of this paper is to introduce a new closed-form analytical
approximation of the surface potential that is computationally effi-
cient, well behaved, and extremely accurate. Furthermore, the
accuracy of the surface potential is a necessary but not sufficient
condition for the utility of the analytical approximation. Indeed a
set of stringent requirements is also imposed on MOSFET compact
models. In particular, the partial derivatives of the surface poten-
tial should be continuous and smooth to compute transconduc-
tances and transcapacitances, traditionally a weak point of most
analytic approximations. The analytical solution presented here
differs from previous works in terms of accuracy and nature of
the approximation, and satisfies the above requirements. Rather
than matching two asymptotic approximations [3], we develop
an approximate solution of the exact equation. The resulting
expression is accurate in weak, moderate and strong accumulation
over a wide range of physical parameters. The maximum absolute
error is in the range of nV and the partial derivatives are continu-
ous and smooth.

2. Surface potential

The conduction band edge of a-IGZO is composed of spherical
overlapping orbitals that lead to a reduced density of band tail
states in the amorphous phase. The conductivity of a-IGZO
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semiconductors is shown to be controlled by percolation and trap-
limited conduction [8]. The density of band tail states influences
the field effect mobility, while the average spatial coherence length
and the potential fluctuation affect the percolation conduction. The
density of tail states gt is conventionally assumed to be exponential
[8]:

gt ¼
NT0

KBTT
exp

E� EC

KBTT

� �
ð1Þ

where NT0 is the concentration of tail localized states per unit
volume, TT is the tail states characteristic temperature, KB is the
Boltzmann constant, and EC is the conduction-band edge. The con-
ductivity r of the a-IGZO, accounting for the percolation and the
trap-limited conduction, reads [8]:

r ¼ qlBNC exp q
/� VCH � /0

KBT

� �
ð2Þ

where NC is the concentration of states per unit volume
in the transport band, / the electrostatic potential, VCH

the channel potential, /0 = EG/2q, EG is the band gap,
lB ¼ ql0 expð�q/B0=KBTT þ q2r2

B=2KBTTÞ is the band mobility l0

modulated by the percolation term [8]. The surface potential /S is
calculated by means of the Gauss equation at the semiconductor-
insulator interface:

FX ¼ Ci

eS
ðVGS � VFB � /SÞ ð3Þ

where Ci is the gate capacitance per unit area, VGS, VFB are the gate
and the flat-band voltages, respectively, and FX is the electric field in
the x-direction (normal to the channel).

Assuming the gradual channel approximation (FX � FY), the
electric field in the x-direction at the semiconductor–insulator
interface reads:

FX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2q
eS

Z /S

VCH

ðnþ nTÞd/
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
eS

KBTTNTe
q
/S�VCH�/0

KBTT þ KBTNCe
q
/S�VCH�/0

KBT � hBLK

� �s
ð4Þ

where eS is the semiconductor permittivity, nT = NT exp[(/ �
VCH � /0)/KBTT] is the trapped charge concentration,
n = NC exp[(/ � VCH � /0)/KBT] is the free charge concentration,

NT = NT0(pT/TT)/sin(pT/TT), and hBLK ¼ KBTTNTe
�q

/0
KBTT þ KBTNCe

�q
/0
KBT is

the bulk term, that is usually neglected [3].

3. Algorithm

To simplify the description and the coding of the approximate
solution we define:

xðxÞ ¼ log
6
5

x

log 12
5

x
log½1þ12x=5�

h i
2
4

3
5 ð5Þ

VGB ¼ VGS � VFB; n ¼ VCH � /0 ð6Þ

DFðxÞ ¼ 2KBeSTNCe
qx�n
KBT ð7Þ

DTðxÞ ¼ 2KBeSTTNTe
q x�n
KBTT ð8Þ

aðxÞ ¼ q2DFðxÞ
2C2

i K
2
BT

2 þ
q2DTðxÞ
2C2

i K
2
BT

2
T

� 1 ð9Þ

bðxÞ ¼ qDFðxÞ
C2
i KBT

þ qDTðxÞ
C2
i KBTT

þ 2ðVGB � xÞ ð10Þ

cðxÞ ¼ DFðxÞ
C2
i

þ DTðxÞ
C2
i

� ðVGB � xÞ2 � hBLK

C2
i

ð11Þ

uðxÞ ¼
�bðxÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðxÞ2 � 4aðxÞcðxÞ

q
2aðxÞ ð12Þ

then compute:

wF ¼ q2eSNC

2C2
i KBT

 !1
2

eq
VGB�n
2KBT ð13Þ

wT ¼ q2eSNT

2C2
i KBTT

 !1
2

eq
VGB�n
2KBTT ð14Þ

sF ¼ VGB � 2
KBT
q

xðwFÞ ð15Þ

sT ¼ VGB � 2
KBTT

q
xðwTÞ ð16Þ

g0 ¼ Min½sF ; sT � ð17Þ

g1 ¼ g0 þ uðg0Þ ð18Þ
and finally the surface potential reads:

/S ¼ g1 þ uðg1Þ ð19Þ
The algorithm can be summarized as follows. First the surface

potentials accounting for the band or the tail states only, sF and
sT are calculated by means of Eqs. (15) and (16). The function x
(x), in fact, is a simple yet accurate approximation of the Lambert
function for real values [9] with a maximum relative error of
2.39%. In Eq. (17), sF and sT are chosen so that g0 represents a crude
initial approximation of /S based on a single exponential DOS, i.e.
the band or tail states only. In fact, if a single exponential DOS is
accounted for, by the way of example the trapped charge only,
the Gauss equation reads:

Ci

eS
VGS � VFB � /Sð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KBTTNT

eS
eq

/S�VCH�/0
KBTT � e�q

/0
KBTT

� �s
ð20Þ

Furthermore, observing that exp(�q/0/KBTT) ffi 0, Eq. (20) can be
analytically solved by means of the well-known Lambert function
W(x) and the surface potential accounting for the tail states only,
/Stail, reads:

/Stail ¼ VGB � 2
KBTT

q
WðwTÞ ð21Þ

Unfortunately, the Lambert function is seldom available in the
CAD software and is computationally expensive. Hence, we use
the approximate expression of Eq. (5) x(x) ffiW(x); x(x) is compu-
tationally efficient (it requires the evaluation of three logarithmic
functions only), continuous, and accurate enough to compute
sT ffi /Stail. At this stage, in fact, the approximation introduced by
neglecting the free charges in the Gauss equation is more severe
than the error introduced by x(x). Same considerations hold for
sF. Then, the single exponential initial guess g0 is computed thanks
to sT, sF (Eq. (17)). In Fig. 2, the idea underneath the approximation
g0 = Min[sF, sT] is shown: one can see at a glance that /S can be
roughly approximated by sT if sT < sF, and by sF if sF < sT. It is a crude
approximation but accurate enough as initial guess.
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