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The backward propagation of variance (BPV) technique for statistical modeling has proven to be efficient
and effective in practice. In this paper we extend the BPV formalism to explicitly include modeling of the
correlations between electrical performances. The new formulation is verified by applying it to two dif-
ferent MOSFET models and two different manufacturing technologies.
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1. Introduction

Statistical modeling and simulation are important for the design
of manufacturable integrated circuits [1-8]. Multivariate numeri-
cal techniques such as factor analysis or principal component anal-
ysis have been developed for statistical modeling [9-17]. However,
physically based statistical modeling has proven substantially
more accurate than strictly numerical modeling, and is signifi-
cantly more efficient and more accurate for extrapolation for tech-
nology evolutions and for retargeting, when the mean and/or the
variation in a process shifts.

MOS transistor models typically include independent physical
parameters like oxide thickness t.y, flatband voltage Vg, and offsets
A and Ay, between design (or drawn) and effective electrical length
and width, respectively, and these have been established as an
appropriate basis for statistical MOSFET modeling [ 18]. Bipolar tran-
sistor models include many correlated parameters that depend on
underlying quantities such as the base doping, base width, and col-
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lector doping, but are not explicitly tied to these physical parame-
ters. However, using detailed knowledge of the device structure
and device physics it is relatively straightforward to derive relation-
ships between these physical parameters and bipolar model param-
eters [19], and to implement them in model parameter files.

Given a physically based model it is generally possible to develop
test structures and measurement techniques that enable direct char-
acterization of the statistical variations in the process parameters
[19]. However, different measurement techniques do not always
give the same values for the parameters, which then give different
values of simulated electrical performances from one SPICE model,
and the same parameter value used in different SPICE models gives
different values for simulated electrical performances. The goal of
statistical modeling is to accurately represent device electrical per-
formance variation, not to model parameter variations, so “direct”
measurement of process parameters does not align with that goal.

A general technique for statistical modeling, built on physically
based SPICE models, is backward propagation of variance (BPV)
[20,21]. In BPV, the variations in the process parameters, which
are denoted p = (p,p,,.-..Dy,), are calculated so that the varia-
tions in measured device electrical performances, denoted
e=(e,es,...,6ey,) = e(p), are modeled accurately (in fact modeled
exactly if N. = Np).

Although the BPV procedure is general, and can be used to mod-
el both global and local (mismatch) statistical variations [22] and
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can include device and circuit level electrical performances [23], it
has two limitations: it assumes that the e(p) dependencies are lin-
ear; and it does not explicitly fit correlations between component
of e. Extension of the BPV technique to handle nonlinearities was
reported in [24]. In this paper we extend BPV to incorporate expli-
cit modeling of correlations between components of e.

In our analysis we consider only global variations. Local (mis-
match) variations, which are by definition uncorrelated between
devices, can be separately characterized [22], and then if they are
significant (i.e. for small dimension processes) can be removed
from the total observed fluctuations via

2 2
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2. Analytic example

At first it seems somewhat counterintuitive that modeling of
correlations can be done with independent (i.e. uncorrelated)
parameters. In this section we provide a concrete, but not general,
example to show how this can be done.

The effective channel lengths Lp and Ly of PMOS and NMOS de-
vices are correlated. During fabrication, the gate poly formation
steps, such as patterning and etch, are the same, so the critical
dimension Cp of the poly, the difference between design and
on-wafer size, is the same for NMOS and PMOS devices (here
we do not consider local variation, i.e. mismatch). The effective
electrical channel length differs from the poly dimension because
of out-diffusion of the implants used to form the source and drain
regions, which are different for PMOS and NMOS devices
(although the thermal anneal cycling may be common). Denoting
(twice) the out-diffusion length as Op , and using added sub-
scripts ‘P’ and ‘N’ to denote PMOS and NMOS devices respectively,
we have [25]

A, = Cp + Opp, (2)
Ap, = Cp + Opy. 3)

For the purpose of statistical characterization, we now form the dif-
ference between these effective channel lengths

ApL = ALP - ALN- (4)
At first it would seem that this does not provide any additional

information over that contained in A;, and A, alone. Indeed, for
any single measurement this is the case, we have
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which is obviously singular and has an infinite number of possible
solutions for Cp, Opp, and Opn. However, when we look at variances
(5) becomes
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which is clearly nonsingular. It may seem counterintuitive that we
can transform an indeterminate specific measurement (5) into a
deterministic statistical system; there is in fact an implicit third
piece of information in the statistical data, the correlation
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that supplements the knowledge embodied in O, and Oy, alone.

Table 1
Effective channel length analysis (units of ¢ are pm). MC (Monte Carlo) results are
from a 10,000 sample simulation.

Parameter Value Performance Fab data MC
ocy 0.0195 Opy 0.0196 0.0196
[ 0.0145 Op, 0.0243 0.0244
0oy 0.0132 Oa,, 0.0235 0.0237
o(Lp, Ln) 0.6654 p(Lp, Ly) 0.6654 0.6698
0.65
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Fig. 1. Correlation between Lp and Ly from measured fab data (symbols) and model
(lines, which are ellipses of 1, 2, and 3¢ yield curves from 10,000 MC samples).

Applying (6) to measured data from a 0.5 pm BiCMOS process
(the technique is independent of technology node, for this node
the local variation is much smaller than the global variation so
fab data can be directly taken to represent the latter), gives the re-
sults of Table 1. Fig. 1 shows the measured fab data compared to
simulation results. The accuracy with which the correlation be-
tween the effective channel lengths Lp and Ly can be modeled is
clear, which is not possible if they are modeled separately (the cor-
relation is zero in that case).

3. General theory and formalism

Let the mean values of the process parameters be p = (p,
D2, ...,Dn,). Expanding one component e, of e around this point,
assuming that the elements of p are independent and normally dis-
tributed, gives

den
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and the mean and variance of e, follow as

He,, = €m(P), 9
Np

Ten =D _Smi0;- (10)
i=1

In the standard BPV technique, (9) for all components of e are solved
for p using nonlinear least squares optimization, where we must
have N, > N, and the parameters need to be observable in the elec-
trical performances. The sensitivities s,,; are then computed from
the SPICE models by differencing, and (10) are then solved for the
variances of the p.

To explicitly model the correlations between electrical perfor-
mances, we now include the covariances
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