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In this paper, we investigate the convergence domain for time-varying switched systems. We construct
multiple Lyapunov functions and each Lyapunov function is decreasing outside a ball whose radius is time-
varying. We give a relatively accurate convergence domain for a general time-varying switched system.
Finally, a numerical example, a mass-spring-damper system, is provided to show the effectiveness of the
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1. Introduction

Stability is an important issue for dynamical systems. However
sometimes there is no need to achieve stability in practice. In cer-
tain engineering applications, it is more natural to identify whether
the solutions of dynamical systems are bounded, see [ 1-9] and ref-
erences therein.

Lyapunov analysis is very useful to show boundedness of the
solutions. When we observe the derivative of a Lyapunov function
along the solution of a differential dynamical system, it is common
that this derivative is not always negative but is indeed negative
when the state trajectory satisfies some conditions. [2,3,5,10]
considered the case that the derivative of a Lyapunov function was
negative when the norm of the state was greater than or equal to
a constant and provided a theorem about ultimate boundedness of
the solution. Recently, Zhao et al. [4] investigated a more general
case that the derivative of a Lyapunov function was negative when
the norm of the state was greater than or equal to a certain function
of time and gave a convergence domain for a general class of time-
varying nonlinear systems.

A switched system is a dynamical system consisting of a family
of subsystems and a switching signal that determines the switch-
ing between them. In recent years, switched systems have gained
considerable attention in science and engineering and a number
of criteria have been derived, see [7-19] and references therein.
In view of the interaction between continuous dynamics and dis-
crete dynamics, switched systems may have very complicated be-
haviors. For instance, switching may destabilize a switched system
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even if all individual subsystems are stable, whereas suitably con-
strained switching between unstable subsystems may give rise to
stability. Motivated by this, some scientists have focused on the
boundedness of the solutions of switched systems [7-10]. How-
ever, these researches do not provide the relatively accurate con-
vergence domain for a general switched system. In this paper, we
study the convergence domain for time-varying switched systems.
Since a common Lyapunov function may not exist for a switched
system, we use multiple Lyapunov function method and assume
that for each Lyapunov function, its derivative is negative when
the norm of the state is no less than a function of time. To the best
of our knowledge, there has been no result of such research. There-
fore the study in this aspect is meaningful and challenging.

This paper is organized as follows. In Section 2, we give the main
results about convergence domain for a time-varying switched
system. An application example, a mass-spring-damper system, is
provided to illustrate the theoretical results in Section 3, following
by conclusions in Section 4.

Notation: || - || refers to the Euclidean norm for vectors. I
represents the identity matrix. B(x, r) = {x| ||x — x|| < r} denotes
a closed ball with radius r > 0 centered at a point x. A function g is
said to be of class X ifitis a continuous, strictly increasing function
satisfying 8(0) = 0.

2. Main results

We consider the following switched system

k:f(y(t)(t,x), (1)

wherex € R", o : [0,00) - &£ = {1,2,...,m}is a switching
signal, m is the number of subsystems. ¢ is a piecewise constant
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function of time such that o (t) = o (t), fort € [ty, tyr1), k € N.
Time sequence {t;}2, satisfies0 =ty < t; < --- < f < ---and
ty > ooask — oo, infy>o(tkr1 — tk) = T > 0, t; denotes the
moment of the k-th switching. Foreachp € £, f;, : [0, 00) xR" —
R" is continuous. Here we assume that the solution of system (1)
has global existence and is unique. In addition, we assume that the
state of the system (1) does not jump at the switching instants,
i.e., the solution x(t) is everywhere continuous.

Assumption 1. Forany M > 0, p € 2, there exists H, £ H,(M),
which may be dependent on M, such that

Ifp(t, 01l < Hy(M), Vt=0and [x|| <M. (2)

Theorem 1. Suppose that Assumption 1 holds. For each p € 2,
there exist nonnegative bounded functions g,(t) defined on [0, c0),
smooth functions Vp,(t, x): [0, 00) X R" — [0, 00), class X functions
ap, By, Vp, DOSitive constants ;1 > 1, T > 0 satisfying

(A1) ap([Ixl) < Vp(t. %) < Bp(lxll), when x|l = g (), x €
R, t > 0.

(A2) Vp(t, %) = —yp(lix]l), when [[x]| = g,(t).

(A3) Vp(t,x) < uVy(t,x), whenVp,q € P, x|l = max{gy(t),
g} o

(A4) Set d = maXi<p<m ap(limteoogp(t))v np(u) £ Vp(,Bp_l(u))'
where B 1is the inverse function of f8,. There exists a sequence

_ _ nz ds _
{0k} such that for z > d, — (tee1 — ti) + ] o ® < —6,

Vk € N, where 6 > 0, lim,_, 6 > 0.
(A5) V,(t, x) as functions of x, are equicontinuous on any bounded
region of R", uniformly with respect to t.

Then the solution x(t) of (1) converges to the set

o= (Uas), 3)

T>b>0 a>T
where
QR = {X € R"||x|| < max lim gp(t)} ) (4)
1<p=mt—00
Qup = {XIVU(@(a, x) < p sup (Vo (s, y)}}- (5)
yeR,s>b

Proof. We consider two cases: max;<p<m lim;—, 5gy(t) = 0 and
maXi<p<m liM;_, 508p () > 0.

Case 1: Maxq<p<m lim;_, gy (t) = 0, thatis, Vp € £, lim,_, g, (t)
= 0. Since g,(t) > 0, it is equivalent to lim;_,  g,(t) = 0. In this
case, we will show lim;_, o, x(t) = 0 by two steps:

First, we prove that the origin is an accumulation point of {x(t)}.
If this is not true, then for large enough t, there existsa A > 0 such
that [|[x|| > A > g,(t), Vp € £.Leto = min{ay; (1), ..., an(A)}.
According to the condition (A1), we have o < (1) < ap([Ix]]) <
Vp(t,x) < By(llx]l), Yp € &£.From the condition (A2), we obtain
Va(t) (t,x) < —¥sw (|Ix]]) for large enough t. In view of the fact that
Bp are class X functions, Vp € P, the inverse functions 8, ! also
belong to class X. It follows that », are class X functions. From
the condition (A1), we have |x|| > ﬂly](vp(t,x)), Vp € £, which
yields for large enough t,

Vor (6, %) < =Yoo (IX) < =160y (Vi) (€, %)) (6)

Now we study V, ) (t, X) ont € [t;, oo) for large enough switching
moment t;. Let Vo) (651, X(5,1) £ limt_”,:+1 Vo (£, x(t)). For

the sake of ease, setting V, ) (t) = V() (t, x(t)) and according to
(6), whent € [tiyk, titk+1), Yk € N, we have

/ti+l<+l Vg(ti+k) (s)ds /‘Vrr(tprk) (CIAY ds
¢ v,

i-+k Mo (ti10 (Vo (1410 (5) o (tj ) (titk) Mo (ti210 (5)
< tivk — bigkr1- (7
In view of the condition (A3), we get
Vo (tig ey ) Eitk+1) ds WV (t4g0) Cig 1) ds
[ b [t s
Vot Gaer) No (ti410 (S) Vottg 0 Ciist) No (ti410 (S)

Combining (7) and (8), from the condition (A4), we obtain that
/‘Va(ti+k+1)(fi+k+1) ds
V,

o (tj ) (Litk) No (tik) (s)

Vo (ti i) Cig ey 1) ds

< =Btk

< tivk — Livk+1 +/ — =
na(ti+k) (S)

Vor(tigi) Civke1)

Since o, (s) > 0 fors > 0, we have Vo, ) (ipir1) <
Vo (t1) (L) - Hence by mathematical induction we conclude that
Vo (tipern) Gtk 1) < Vot Cirk) < 0 < Voo (8- 9
Furthermore, we have
Vo (¢ Witk) ds
Vo (i iq ) Cirkt1) No (tiy1) (s)

- Vo (tisn) (i) — Vot ) (Girka 1)

B n(o)
where 1(¢) = min{n1(0), . ..

) (10)

, NMm(0)}. It follows that

Vo tipiern) CGirkr1) =< Vot k) — 1(0)0irk
itk
Vo (&) — n(0) Z 0;.

=i

IA

Inview of the fact that 6, > 0, lim,_, 6 > 0, then we get Zjo:o,. 0 =
00. Thus limy s Vo t;44) (tizky1) = —00, which is a contradic-
tion. Therefore the origin is an accumulation point of {x(t)}.

Then, we show that the origin is the unique accumulation point
of {x(t)}. If it is incorrect, then there exists another accumulation

point x* % 0. Choose constants ¢c; > 0, c; > 0 such that
B(0, ¢1) N B(x*, c3) = 0. (11)

On account of the fact that both x* and the origin are accumulation
points, there exists a sequence {7}, 7y — o0 such that when k is
odd, ||x(tp)|| = ¢4, fort € (w, Tet1), Ix(t)|| > c; and when k is
even, ||x(tx) — x*|| = c;. From (11), we have ||x*|| > c;.

e If 7y and 141 are in the same interval between two consecu-
tive switching moments, that is, there exists r € N such that
tr < Tk < Tyks1 < trgq, then when k is odd and large enough,
we obtain ||x(t)|| > go () (t) and V, 4, (t, X(t)) is decreasing on
[Tk, Tkt1]. Since ¢ = [|X(Th1) — x*|| = [IX*[| — [IX(Tkt1) ||, we
obtain ||x*|| — c2 < ||X(Tk+1)]l. In view of the condition (A1), we
have

Ao (i) (IX° | = €2) < Aoy (IX(Trr) D)
=< Vo) (Th1, X(Ths1))
< Vo tr) (Ths X(Th)) = Bo ey (1x(T) )
= Bo,)(C1)- (12)

Select small enough ¢; and obtain as ¢, ([|X*[| — €2) > Bo ) (€C1)s
which contradicts (12).
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