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1. Introduction

The so-called linear exponential Gaussian (LEG) and risk sensi-
tive (RS) filtering problems involve criteria which are exponentials
of integral cost functionals. Before our paper [ 1], numerous results
had already been reported in specific models, specially around
Markov models, but without exhibiting the relationship between
these two problems. See, e.g., Whittle [2], Speyer et al. [3], Elliott
et al. [4-6] for contributions. In our paper [1], we have solved the
LEG and RS filtering problems for general Gaussian processes in
the particular setting where the functional in the exponential is
a singular quadratic functional. Moreover we have proved that ac-
tually in this case the solutions coincide. In the present paper the
problems are revisited for Gauss-Markov processes but with a non-
singular quadratic functional in the exponential. In this setting the
solutions are exhibited and we propose an example to show that
they may be different.

It what follows all random variables and processes are defined
on a given stochastic basis (§2, ¥, (#;), P) satisfying the usual
conditions and processes are (;)-adapted. We deal with a signal
process X = (X;, t > 0) in R governed by the linear equation

dX[ == atX[dt + dB[, XO == 0, (1)
and an observation process Y = (Y;, t > 0) in R governed by the
linear equation

dY, = AX,dt +dB,, Y, =0, t > 0. (2)
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Herea = (a;, t > 0) and A = (A, t > 0) are continuous real-
valued deterministic functions, B = (B;, t > 0) and B = (B,
t > 0) are independent 1D standard Brownian motions. Clearly
the pair (X, Y) is Gaussian.

For a given continuous deterministic function A = (A;, 0 < s
< T) with values in the set of nonnegative definite symmetric 2 x 2

matrices
Aq2 (5))

_ (A1)
AS_<A12(S) A2 (5)

such that A5, (s) # 0, let us denote by h € 7 the solution of the
LEG type filtering problem:

_ 1 " T X
h = argmin — InE | exp{ — / (Xshs) A h dst |. (3)
hejt 12 2 0 S

In this definition w is a real parameterand h = (h;, 0 <s <T) €
J¢ means that h is a (Ys)-adapted continuous process where (Ys)
is the natural filtration of Y, ie., Y = o ({Yy, 0 < u <s}), 0 <
s<T. R

We can also define h as a solution of the following recursive
equation, which is the basic definition of the RS type filtering
problem:

-~ 1
h; = argmin — InE |:exp {M(th)At (Xt>
geYe M 2 g

woft o~ Xs
+ 5/0 (Xshs) As <’Es> dS] /yt] s (4)

where g € Y, means that g is a Y,-measurable variable.
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It is clear that risk-neutral versions of these two problems
(namely, dropping the exponentials in definitions (3)-(4), ie.,
simply with quadratic criteria) are “equivalent”. Actually both the
solutions coincide with a weighted Kalman filter:

P =_A12(t) _
' ' A (t)

where for any process n = (1, t € [0, T]) such that E|n;| < 400,
the notation 7r,(n) is used for the conditional expectation of 7,
given the o -field ¥,

E(ne/Ye).

One question that we want to discuss in this paper is the
possible “equivalence” of problems (3) and (4). In our paper [1], we
have considered the case when the quadratic functional involved in
the exponential is singular, namely when matrices A; are singular,

e, A = Az = —Arz, and hence (X, h 4, () = An(s) (X -

hs)?, which means that only squares of filtering errors are taken
into account in the criteria; we have shown that in this setup the
equality h = h holds, even in a non-Markovian setting. Here a
simple example where h # his proposed below which shows that
if the quadratic functional is nonsingular then the answer may be
negative even for the Markovian model (1)-(2). Notice that such a
setup includes criteria which take into account possible estimating
costs evaluated as squares h? of the filters.

The paper is organized as follows. Section 2 contains the state-
ments providing the solutions of LEG and RS filtering problems in
the nonsingular setting. In Section 3 the announced example which
shows the discrepancy between the two filtering problems is an-
alyzed. A comparison of the different filters including a discussion
about their robustness is also proposed. Then preparing for the
analysis of the filtering problems, in Section 4 a Cameron-Martin
type formula for the conditional Laplace transform of a quadratic
functional of the involved signal process is derived. Finally Sec-
tion 5 contains the proofs of the announced results.

(X)),

e (n) =

2. Solution of the filtering problems with exponentials of
integral functional criteria

Here we formulate the statements providing the solutions of the
LEG and RS filtering problems. Their proofs are given in Section 5.

2.1. Solution of the LEG filtering problem

Let us formulate the following condition (CZ):

(C:j) the forward and backward Riccati equations:

Vi =207y + 1= 72IAF — nAnl, 74,0 =0,  (5)
i det(A) 2( s det(A))F
= - —2|a+nuy
Ag ' Ay
252 2 A%Z
—ul?p? A2 — =2, I(T,T)=0, 6
Iz yxx[ t MAzz] (T,T) (6)

have unique nonnegative and bounded solutions (3, (t), 0 <
t<T)and (I'(T,t), 0 <t <T).

Notice that for all u negative condition (C;‘l) is satisfied and
if 1 is positive, it is satisfied for u sufficiently small, for exam-
ple, those such that forany t < T A? — uA71(t) is nonnegative
(cf. Lemma 2 [1]).

Proposition 1. Suppose that condition (CZ) is satisfied. Let h =

(f-lt, 0 <t <T)such that:

- A (t) - 4

B = — (1= uPy (O (T, t)2Z}, (7)
' Apn(t) X ‘

where y,, and I'(T, -) are the solutions of the Riccati equations (5)

and (6) respectively and zh = ( , 0 <t < T)is the solution of the
following equation:

dzl = |:a + uf(det(A) + AT F)] Zhde

+ A, [dY, — AZldr]. (8)

Then h is the solution of the LEG filtering problem (3) and moreover,
the corresponding optimal risk is given by

sl [ ()]

1 [T 1 [T _
= 5[0 Vix (5) A11(s)ds + 5/0 (T, 5)A27; (s)ds.

Remark 1. (i) It is clear that in the singular case where A;; =
Ayy = — A1y, Eq. (6) implies that I = 0 and therefore Z" = h
(cf- [1]).

(ii) But in the general case I" may depend on T and as a
consequence, h, may also depend on T. An example of such a
dependence will be given below. Of course, by its definition ht
does not depend on T and hence h # h'in this example.

2.2. Solution of the RS filtering problem

Let us formulate the following condition (Cl’;*):

(CZ*) the Riccati equation (5) has a unique, nonnegative and
bounded solution on [0, T] such thatfor0 <t <T

1 — uye () A1 (8) > 0.

Proposition 2. Suppose that condition (C:j*) is satisfied. Let h =
(E, 0 <t < T) such that:

he = = ApO[An(0) — pFy (Odet (A1 2], 9)
WhereZtF = (ZE, 0 <t < T)isthesolution of the following equation:
- Aqrdet(A -
dzl = |:at +uyxxdet(A) — Mo Andet( ):|Zhd
— Wy, det(A)
+ A7, [dY; — Atzfdt]. (10)

Then h is the solution of the RS filtering problem (4).

Remark 2. (i) It is clear that for the singular case where Ay =
Ay = —Aj,, equalities (9) and (10) imply that h =2z =
Z" = h(cf. [1]).

(ii) Let us emphasize that, of course, ht does not depend on T and
so generally ht = hy.

3. Comparison of the filters: an example

To illustrate the possible dependence of the solution of the LEG
filtering problem on T and so the discrepancy between LEG and RS
filtering problems we propose to take
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