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a b s t r a c t

In this paper, it is considered the state feedback controller design for a class of upper triangular nonlinear
systems with simultaneous input and state delays. By using the state transformation of nonlinear sys-
tems, the problem of designing controller can be converted into that of designing a dynamic parameter,
which is dynamically regulated by a dynamic equation. Then, by appraising the nonlinear terms of the
given systems, a dynamic equation can be delicately constructed. At last, with the help of Lyapunov sta-
bility theorem, it is provided the stability analysis for the closed-loop system consisting of the designed
controller and the given systems. Both discrete delays and continuous delays with integral form are con-
sidered here. Different frommany existing control designs for upper triangular nonlinear systems, neither
forwarding recursive nor saturation computation is utilized here, and thus our design procedure is sim-
pler. A simulation example is given to demonstrate the effectiveness of the proposed design procedure.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

In real control systems, input delays are often encountered
because of transmission of the measurement information. The
existence of these delaysmay be the source of instability or serious
deterioration in the performance of the closed-loop system (see
[1,2], and references therein). Hence, the control design problem
of input-delayed systems has attracted considerable attention in
the recent decades (see, for example, [3–5]).

Combined the saturation design with the recursive design
method, the authors in [3] solved the problem of the global sta-
bilization by bounded feedback of a chain of integrators with a
constant delay in the input. The authors in [4] considered a
stabilization problem of a chain of integratorswhich allows a time-
varying delay in the input. The authors in [5] considered a stabi-
lization problem of a chain of integrators with an unknown delay
in the input.

Over the last decade, there has been constant progress on the
problem of global stabilization of the triangular nonlinear systems
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with a chain of integrators as their special case. One class of tri-
angular nonlinear systems are upper triangular nonlinear systems,
which are also called feedforward nonlinear systems. Many appli-
cations of upper triangular nonlinear systems have been also re-
ported (see, e.g., [6,7]). Generally speaking, it is more difficult to
study upper triangular nonlinear systems. Based on the integrator
forwardingmethod, which is a powerful tool to design the stabiliz-
ing controllers for the upper triangular systems, the problem of the
asymptotic stabilization by state feedback of upper triangular sys-
tems in the absence of delay has been studied bymany researchers
(see, [8,9], and references therein).

For the upper triangular time-delay systems, some interesting
results have been proposed recently.

For upper triangular linear systems with discrete delays simul-
taneous in input and state, the stabilizing controller was provided
in [10] when the delays were known, and in [11] when the delays
were unknown, respectively.

For upper triangular nonlinear systems, most of existing results
dealt with systems with a delay in the input (see, for example,
[12–16], and references therein). Specifically, under the condition
that the nonlinear terms satisfying quadratic growth condition,
in [12], it was solved the problem of stabilizing a family of upper
triangular systems with a delay in the input; in [13], it was consid-
ered the stabilization problemof an input-delayed chain of integra-
torswith polynomial nonlinearity; in [14], itwas proposed a design
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scheme of a feedback controller for a class of input-delayed non-
linear systems that are dominated by an upper triangular system
satisfying the linear growth condition. In the results of [12–14], the
involved nonlinearities must satisfy some growth conditions with
constant gains. Recently, the predictor-based feedback law (see
[15]) and the sampled-data feedback law (see [16]) were proposed
for controlling upper triangular nonlinear systems with a delay in
the input.

For a class of upper triangular nonlinear system with discrete
delays in the state, the nested saturation feedback law was pro-
posed in [17]. For a class of high order upper triangular nonlinear
systems with discrete delays in the state, the problem of stabiliza-
tion by state feedback was investigated in [18].

In this paper, the globally asymptotically stabilizing controller
will be designed for a class of upper triangular nonlinear time-
delay systems. The contributions of the work can be characterized
by the following novel features: (i) the involved nonlinear terms
can admit a function incremental rate depending on the delayed
input; (ii) the delays can appear simultaneously in input and state
of the given systems; (iii) the delays can be the form of discrete
delays or continuous delays with integral term.

Motivated by the works of [14,19], we will construct the con-
trollers for the given systems by the dynamic gain design method,
whose design procedure can be outlined as follows. First, by choos-
ing the appropriate state transformation of time-delay systems, the
problem of controller design can be converted into that of finding a
parameter r(t), which is the state of a dynamic equation to be spec-
ified later. Second, the dynamic equation, with r(t) as its state, can
be constructed by appraising the nonlinear terms of the systems. At
last, the stability analysis of the closed-loop system is conducted by
using Lyapunov–Razumikhin theorem. Our controller for the time-
delay systems has a feedback of the current state and the past input
history.

Throughout this paper, we adopt the following notations
(see [16,20]):
• The notationwill be simplifiedwhenever no confusion can arise

from the context.
• R denotes the set of real numbers, R+ the set of nonnegative real

numbers, and Rn the n-dimensional real number space.
• For any matrix or the vector X, XT denotes the transpose. I is

used to represent an identity matrix of appropriate dimension.
• For a symmetric matrix P ∈ Rn×n, λ̄(P) denotes the largest and
λ(P) the smallest eigenvalue of P , respectively.

• C0([−d, 0], Rn) means the set of continuous functions from
[−d, 0] to Rn for d > 0, and C0([−d, 0], Rn) = Rn for d = 0.

• Let z ∈ C0 ([a − τ , b]; Rn) , v ∈ C0 ([a − τ , b]; R), where
b > a ≥ 0 and τ ≥ 0. Then, Tτ (t)z denotes the ‘‘history’’ of
z from t − τ to t , i.e., (Tτ (t)z) (θ) := z(t + θ), θ ∈ [−τ , 0], for
t ∈ [a, b); ∥z∥ denotes the Euclidean norm of the real vector
function z(t); and ∥z∥τ = sup−τ≤θ≤0 ∥z (t + θ)∥. Similarly,
(Tτ (t)v) (θ) := v(t + θ), θ ∈ [−τ , 0], for t ∈ [a, b); |v|
denotes the absolute value of the real scalar function v(t); and
|v|τ = sup−τ≤θ≤0 |v (t + θ) |.

2. Systemmodeling and control objective

2.1. System modeling

Consider the nonlinear system described by the equations:ẋi = xi+1

t − di,1


+ fi


t, Tdi,2(t)x, Tdi,3(t)u


,

i = 1, 2, . . . , n − 1
ẋn = u


t − dn,1


,

(1)

where x = (x1, x2, . . . , xn)T ∈ Rn is the state, u ∈ R is the in-
put, di,j, i = 1, 2, . . . , n − 1, j = 1, 2, 3, are unknown time-
varying delays and satisfy 0 ≤ di,j ≤ d, with d being a known
constant, non-negative real number dn,1 is a known constant

delay, d̄ = max{d, dn,1}, uncertain nonlinear functions fi(·) : R+
×

C0([−di,2, 0]; Rn)×C0([−di,3, 0]; R) → R, i = 1, 2, . . . , n−1, are
unknown continuous functions with respect to their arguments.

2.2. Control objective

For system (1), the objective of this paper is to find a state
feedback controller of the form:

u = F2


r, x,

 t

t−dn,1
u(s)ds


,

ṙ = F1


r, x,

 t

t−dn,1
u(s)ds


, r(0) = r0 ≥ 1

(2)

such that

(i) All solutions of the closed-loop system consisting of (1) and (2)
are bounded on [0,+∞).

(ii) For any initial condition x(t) = x0(t) ∈ C0([−d̄, 0], Rn), u(t)
= u0(t) ∈ C0([−d̄, 0], R), r(0) = r0 ≥ 1, the state x of the
closed-loop system consisting of (1) and (2) converges to zero.

Next, we introduce a lemma that will serve as the basis for the
development of our novel state feedback controller for system (1).

Lemma 1 (See [19]). Let D ∈ Rn×n, G0 ∈ Rn×n and F ∈ Rn×1 be the
matrices as:

D = diag[n, n − 1, . . . , 1],

G0 =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
0 0 0 · · · 0

 , F =


0
0
...
0
1

 .
Then, there exist a positive constant α, a positive definite matrix P and
a row vector Ka = (a1, a2, . . . , an), satisfying:

PA + ATP ≤ −I, PD + DP ≥ αI (3)

where A = G0 − FKa.

3. State feedback controller design

Wegive an assumption first, and then based on the assumption,
a stabilizing controller of system (1) is proposed.

Assumption 1. For any (t, x, u) ∈ R+
× C0([0,+∞); Rn) × C0

([0,+∞); R), the following inequalities hold:fi t, Tdi,2(t)x, Tdi,3(t)u
≤ ρi(|u|di,3)


n+1
j=i+2

|xj|di,2


+ |u|di,3


,

i = 1, 2, . . . , n − 1 (4)

where |xn+1|di,2 = 0, ρi(·), i = 1, 2, . . . , n − 1 are known non-
decreasing continuous functions.

Remark 1. From the formof the right hand of the sign of inequality
in (4), one can see that system (1) satisfying Assumption 1 is
indeed a upper triangular nonlinear system (see [8,12]). It should
be pointed that system (1) satisfying Assumption 1 can include a
wide variety of nonlinear systems.
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