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This article proposes an algebraic method to fault diagnosis for uncertain linear systems. The main
advantage of this new approach is to realize fault diagnosis only from knowledge of input and output
measurements without identifying explicitly model parameters. Using tools and results of algebraic
identification and pseudospectra analysis, the issues of robustness of the proposed approach compared to
the model order and noise measurement are examined. Numerical examples are provided and discussed
to illustrate the efficiency of the proposed fault diagnosis method.

© 2011 Elsevier B.V. All rights reserved.

Contents

1. Introduction 316
2.  Preliminaries 317
3. FAUIL QIAGNOSIS...ccuieeeueeieieteieeetetees e e e te e e s te e s e ste e sseseese st esessass et et essssastesassassesansesestassesastesesaseesenses et assasentesstaseesansasetensesertessetassesansansnsansann 317
4,  Robustness with respect to system order. 319

4.1.  Over-modeling 319

4.2.  Under-modeling 320
5. Robustness with respect to measurement noises 320
6. Conclusion 321

References .321

1. Introduction

Fault diagnosis methods include some actions implemented
in order to detect, isolate and identify any fault on a system. A
fault is defined by the SAFEPROCESS Technical Committee as an
unpermitted deviation of at least one characteristic property or
parameter of the system from the usual or standard condition.

In [1,2] and references therein the classical approaches using
analytical information are depicted. They allow robust fault
diagnosis in the presence of unknown entries and parametric
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uncertainties. These methods depend not only on structural
knowledge of the system, but also require knowledge of system
parameters that can be more or less accurate.

The algebraic approach to fault diagnosis presented in [3] dis-
cusses the problem of fault diagnosis for linear systems based on
an algebraic and deterministic approach. Inspired by the formalism
of distributions, used also in the context of time delay [4,5], hy-
brid systems [6] or residual generation [7], a novel method is pro-
posed by transforming the problem of fault detection in a spectral
analysis problem which does not require numerical values of the
system parameters. These parameters are not estimated, an aspect
that can be found in the spectral formulation, given that eigenvec-
tors reflect only a direction. This article is devoted to the analysis
of the robustness of the above algebraic approach with respect to
the model order and measurement noises.

The distributional formulation, adopted throughout the paper,
offers flexibility and a unified framework in the statement and
treatment of the various modeling problems of stationary linear
systems. It permits us to obtain explicit expressions in the time
domain, for the development of the approach.
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The paper is organized as follows. In Section 2, we fix some
notations used in this paper. Section 3 is devoted to the outline of
the approach discussed in this paper. Different assumptions on the
system structure and the fault signal structures are needed to solve
the fault diagnosis problem. Through Section 4, the question of the
robustness, with respect to system order, is addressed. Finally, the
question of the robustness, with respect to measurement noise, is
the object of Section 5 before the conclusion.

2. Preliminaries

In order to better understand the aim of this paper, let us begin
with recalling the outline of the proposed approach in [3]. This
approach is performed in a distributional framework using usual
definitions and basic properties described in [8]. First, recall some
definitions and results from the distribution theory and fix the
notations we shall use in the sequel. Let f be a locally measurable
function on an open set of R denoted by K. We define the regular
distribution Ty, for all smooth functions ¢ with compact support in
K, by

(Tr, @) = /f(f)¢(f)df.

The distribution theory extends the concept of derivative to all
locally integrable functions by the following expression

(T, ¢) = (—=1)"(Tr, ¢™).

If function f is continuous except at point x with a finite jump s,

the associated distribution derivative is given by Ty = f — 56y,

where f is the usual derivative of function f (defined over R \ {x}).
An operation of practical interest is the convolution with which

derivation, delay and integration can be expressed as follows

t
g =50 oy, Yt —1) =68 %Yy, / y(r)dt =Hxy
0

and more generally

t
P _ — y*P
A ---/y(r)dt =Hx---xHxy=H?®xy
p times

p times
where § is the Dirac distribution, §; is the Dirac distribution with
delay T and H is the unit step function (Heaviside distribution). The
theorem developed by Schwartz about multiplication of distribu-
tion by a smooth function is one of the main results from which we
will design our fault diagnosis algorithm. It is given by the follow-
ing statement:

Theorem 2.1 ([8]). If a distribution T has a compact support
Supp(T) and a finite order m, the product ¢T = 0 whenever the
smooth function ¢ and all its derivatives of order < m vanish on
Supp(T).

According to the above theorem, it follows that

tks™ =0, Vk>n (1)

and according to the General Leibniz rule, it follows that

!
M sm-b v <, )
(n—k)!

The proposed approach deals with fault signals modeled by
structured functions [9]. A structured signal can be defined, in an
informal way, as a solution of a linear differential equation. If a
signal f is structured, then it can be annihilated by a multiplication
with a differential operator called in this case the annihilator
of f. The main fault signals found in literature (abrupt, ramp,
intermittent faults) can be modeled as structured signals [2].

tks(ﬂ) — (_-l)k
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+

—O0= =

Fig. 1. System with actuator and sensor faults.

For example, the delayed Dirac §, and the delayed Heaviside
step function H(t —t) are structured and admit as annihilator I'y =
t—tand I, = (t — r)% respectively. As it can be seen in these
examples, the parameters of the signals appear as coefficients in
the expression of the associated annihilator. This property allows
us to derive many benefits from the use of structured signals.

Here, we briefly recall the two basic concepts of linear alge-
bra, namely generalized eigenvalue and pseudospectra. Let A and
B be the rectangular matrices of the same size and f is a contin-
uous function defined for all scalar A which is given by f(A) =
omin(A — AB). A generalized eigenvalue of the couple of matrices
(A, B) is defined as a zero of function f. The set of all zeros is a
finite discrete set and is denoted by A(A, B). For ¢ > 0, the €-
pseudospectra of (A, B) is defined as the set of numbers A satisfying
f(X) < e, itis the field of generalized eigenvalues of matrices by
adding perturbations to the matrices A and B.

3. Fault diagnosis

Consider a system whose control input u(t) computed by the
controller and measured output y(t) are given in terms of real
variables and fault signals (Fig. 1) as follows:

Uy = Ui+ fo, i=1,...,1y (3a)
yy=yi—fy. i=1....n,. (3b)
The input u, and output y, satisfy a differential equation of form
x(t) = Ax(t) + Bu,(¢),
yr(t) = Cx(t) + Du,(t)

where x € R", u, € R™ and y, € R are respectively the
state vector, vector of real inputs (the actuator outputs) and the
vector of real outputs provided by the system, with the followings
assumptions

X(to) = Xo (4)

(i) the dimension n is supposed to be known
(ii) system matricesA, B, C, D and initial condition xq are unknown
a priori.
(iii) f; and f; modeled by structured signals with known structures.
In the presence of actuator faults f; and sensor faults f,, the

system (4) can be brought, in distributional framework, into a set
of MISO (multi inputs single output) models

ny

P*yrj—Zhﬁ*uri:qﬁj:j:l,...,ny (5)

i=1
where P and h; are differential polynomial functions given by

P=a,8" +a, 18"V + -+ apd (6a)
hi = bis™ 4 bl 87D ... 4 bls (6b)

with scalars ay, b, related to the system parameters, ¢; a linear
combination of Dirac distribution derivatives of order less or equal
than n — 1 containing the contributions of the initial conditions.

In order to simplify the development of the different steps of
the approach, consider the simple case of system with two inputs,
two states and two outputs in the presence of bias on the actuator
1, then

ur1 =1uU +fCl] (7)
U, = U (8)
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