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a b s t r a c t

A nonautonomous two dimensional competitive Lotka–Volterra system is considered in
this paper. Average conditions on the coefficients are given to guarantee the principle of
competitive exclusion in the system. It is shown that our results are extensions of those of
the counterpart of periodic system.
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1. Introduction

Consider the nonautonomous Lotka–Volterra system of differential equations
u′(t) = u(t)[a1(t) − b11(t)u(t) − b12(t)v(t)],
v′(t) = v(t)[a2(t) − b21(t)u(t) − b22(t)v(t)], (1.1)

where the coefficients ai(t) and bij(t), 1 ≤ i, j ≤ 2, are positive and bounded continuous functions on R. Firstly, we give
some notations. Let gM = sup{g(t)|t0 ≤ t < +∞} and gL = inf{g(t)|t0 ≤ t < +∞}, where g(t) is defined on [t0, +∞),
and M[ai] andm[ai], i = 1, 2, be defined as follows:

M[ai] = lim
r→∞

sup


1
t2 − t1

 t2

t1
ai(s)ds, t2 − t1 ≥ r


,

m[ai] = lim
r→∞

inf


1
t2 − t1

 t2

t1
ai(s)ds, t2 − t1 ≥ r


.

It is well known that if the coefficients ai and bij, 1 ≤ i, j ≤ 2, are positive constants, then the inequalities

a1 > b12
a2
b22

, a2 < b21
a1
b11

(1.2)
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imply that any positive solution (u(t), v(t)) of (1.1) has the property that u(t) →
a1
b11

and v(t) → 0 as t → ∞. This
result is the principle of competitive exclusion. Extensions of this result for the variable coefficient case are given in [1,2], and
conditions for the competitive exclusion are the inequalities

a1L > b12M
a2M
b22L

, a2M < b21L
a1L
b11M

, (1.3)

and

m[a1] > b12M
M[a2]
b22L

, M[a2] < b21L
m[a1]
b11M

, (1.4)

respectively. For a two dimensional periodic competitive Lotka–Volterra system (1.1), i.e. the coefficients ai(t) and bij(t) in
(1.1), 1 ≤ i, j ≤ 2, are continuous and T -periodic positive functions, Eilbeck and Lopez-Gomez [3] found that only conditions

m[a1] > m[b12
◦

V ], m[a2] < m[b21
◦

U], (1.5)

are not sufficient to get the result of competitive exclusion, where
◦

U(t) is the unique positive T -periodic solution of the
periodic logistic equation

U ′(t) = U(t)[a1(t) − b11(t)U(t)], (1.6)

and
◦

V (t) is the analogous solution of the periodic logistic equation

V ′(t) = V (t)[a2(t) − b22(t)V (t)]. (1.7)

Lisena [4] introduced a T -periodic function A(t), and showed that 1
T

 T
0 A(t)dt < 0 and the condition (1.5) imply that

lim
t→+∞

v(t) = 0, lim
t→+∞

[u(t) −
◦

U(t)] = 0,

for any positive solution (u(t), v(t)) of the periodic competitive Lotka–Volterra system (1.1).
The main idea of papers [2–4] is that the asymptotic behavior of the competitive system depends on the average value of

the coefficients over a time interval. These conditions are called the average conditions. The average conditionswere given for
permanence and global attractivity in the nonautonomous competitive Lotka–Volterra system in [5,6]. Lisena got the average
conditions for the existence and global asymptotic stability of a periodic solution in the periodic competitive Lotka–Volterra
system in [7], and a competitive system with impulses in [8] respectively. Ahmad and Montes de Oca [9] gave the average
conditions for extinction in the periodic competitive Lotka–Volterra system.

In this paper, assume that the coefficients ai(t) and bij(t), 1 ≤ i, j ≤ 2, are positive and bounded continuous functions,
we get the similar conditions to that of [4] and the same results, i.e. the principle of competitive exclusion is implied by
inequalities

m[a1] > M[b12
◦

V ], M[a2] < m[b21
◦

U], (1.8)

and

M[A(t)] < 0,

extending some notations of [4], where A(t) is defined by (3.6),
◦

U(t) and
◦

V (t) are any positive solutions of the corresponding
nonautonomous logistic equations of (1.6) and (1.7) respectively.

The rest of the paper is organized as follows. In Section 2, we present some useful preliminary lemmas. The Section 3
gives our main results with proofs. Then followed in Section 4, we improve some of our results. Finally, Section 5 concludes
this paper by an example with numerical simulation to illustrate our main results.

2. Preliminary lemmas

By Zhao and Jiang [10], we have the following lemma:

Lemma 2.1 (Zhao and Jiang [10, Lemma 2.2]). Given c(t), d(t) are continuous and bounded. If M[c(t)] > 0 and d(t) > 0, then
any solution

◦

W (t) of logistic equation

w′(t) = w(t)[c(t) − d(t)w(t)], (2.1)

with
◦

W (t0) > 0 for some t0 ∈ R is bounded above and below by strictly positive reals on [t0, +∞) and globally attractive.
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