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Abstract

In this paper we will consider the initial-boundary value problem for a parabolic equation with a polynomial non-linearity
relative to the unknown function. First we will derive a probabilistic representation of our problem. The representation of the
solution of this problem is given in the form of a mathematical expectation, which is determined based on trajectories of branching
processes. Under the assumption of the existence of the solution, an unbiased estimator is built using trajectories of a branching
process. We will use a mean value theorem to write out a special integral equation, that equates the value of the unknown function
u(x, t) with its integral over a spheroid and balloid with center at the point (x, 7). A probabilistic representation of the solution to
the problem in the form of mathematical expectation of some random variables is obtained. This probabilistic representation uses
a branching process whose trajectories are used in the contraction of an unbiased estimator for the solution. The derived unbiased
estimator has a finite variance, and is built up from trajectories of branching processes with a finite average number of branches.
Finally, the results of numerical experiments and application to the practical problems are discussed.
© 2017 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
reserved.
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1. Introduction

In this paper we will consider the initial-boundary value problem for a parabolic equation with a polynomial
non-linearity relative to the unknown function u(x, t).
du(x,t)
at

where f(u) = thozo an(x, t)u"(x, t). Theorems on the existence of solution for nonlinear equation are given in [4,8].
The method of statistical modeling for solving the initial-boundary value problem for a linear equation is considered

—alu(x,t) +culx,t) = f(u),
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in [2] and also the case, when the right-hand side is finite series, was considered in [1,3,9,11]. The representation of the
solution of this problem in the present work is given in the form of a mathematical expectation, which is determined
based on trajectories of branching processes. Further, in this paper some results of the above mentioned works will be
used to derive probabilistic representation for our problem. In the present paper under the assumption of the existence
of the solution, an unbiased estimator is built using trajectories of a branching process. We will use a mean theorem
value to write out a special integral equation, that equates the value of the function u(x, ¢) with its integral over a
spheroid and balloid with center at the point (x, ). A probabilistic representation of the solution to the problem in
the form of mathematical expectation of some random variables is obtained. This probabilistic representation uses
a branching process whose trajectories are used in the construction of an unbiased estimator for the solution. The
derived unbiased estimator has a finite variance, and is built up from trajectories of branching processes with a finite
average number of branches.

2. Description of the problem

Let D be a bounded domain in R™ with boundary 9D and {2 = D x [0, T'] is a cylinder in R+ The following
relations define functions yg(x) € C (D) ,y(x,t) € C(0D x[0,T), f(x,t) € C (_Q) ,an(x,t) € C (Q) n =
0,1,2,...) and the coefficients are a > 0, ¢ > 0.

Let us consider the initial-boundary value problem for the following parabolic equation for (x, t) € {2:

ou(x,t)

o —alu(x, 1) +cu(x. t) =Y an(x, Hu"(x, 1), (1)

n=0

with the initial and boundary conditions:

{u(x,t) =y(x,t), xeadD, tel0,T], 2

u(x,0) = yp(x), xeD.

Assume functions a, (x, t), yo(x), y(x, 1) a_nd coefficients a, ¢ are such that there exists a unique continuous solution
of this nonlinear problem u(x,t) € C (D x [0, T]) N c21 (D x [0, T]) [4, p. 201], [8, p. 556]. Relative to the
functions a, (x, t), (n =0, 1, 2, ...) we will make the following assumptions:

o0
sup l|a,(x,t)| <a,, and the series Z&kk < Q. 3)
(x,0)ef? k=0

The purpose of this paper is to derive unbiased Monte Carlo estimators for solving the problem (1)—(2) with a finite
variance at some arbitrary point (x, t) € §2.

3. Integral representation of the solution

The basis for building the derived unbiased estimators will be the formula for the “parabolic mean” used in solving
the heat equation. Various equations for the mean of parabolic equations were considered in [6,7]. With the help of
the fundamental solution, and Green’s formula, we can transform these differential equations into integral equations.
In doing so we apply the results of Lemma 3.1 [12, p. 106]. We will obtain a special mean equation which equates the
value of the function u(x, ¢) with its integral over a balloid and its surface with center at the point (x, 7).

As is known, the fundamental solution Z(x, ¢; y, t) of the heat equation u; —aAu = 0 is

—
Z(x,t;y,7) = @ma (t — 1)) ?exp <_%) .

Let Z,(x,t;y, 1) = Z(x,t; y, T) — (47 ar)~"™/%. With the help of this fundamental solution, we define the family of
domains Q,(x, t), which depend on the parameter r > 0 and the point (x, t) € R™H1 as

O,(x,t) = {(y, T): Z(x,t;y,T) > (4nar)_m/2, T < t}.
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