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Abstract

The Beverton–Holt, Ricker and Deriso functions are three distinct descriptions of the link between a parental population size
and subsequent offspring that may survive to become part of the fish population.

This paper presents a model consisting of a system of ordinary differential equations, which couples a stage of young fish with
several adult stages. The slow-fast dynamics captures the different time scales of the dynamics of the population and leads to a
singular perturbation problem.

The novelty of the model presented here is its capability to replicate a rich class of the stock-recruitment relationship, including
the Beverton–Holt, Ricker and Deriso dynamics. The results are explained using geometric singular perturbation theory and
illustrated by numerical simulations.
c⃝ 2017 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

reserved.
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1. Introduction 1

Fish populations decrease due to (natural and fishing) mortality and increase when new generations of fish resulting 2

from egg production are added to the existing population. In the literature, the spawning stock refers to the part of 3

the stock that is matured enough (called spawners) to contribute to the reproduction process, while stock-recruitment 4

means the relationship between the spawning stock and number of young fish resulting from egg production. 5

Recruitment is traditionally described as a function of the number of spawners (spawning stock size). The two
most popular representations of the relationship have been introduced by Beverton–Holt [2] and Ricker [15]. Both
models assume a decrease in recruitment per spawner with stock size, but the degree of decline, often referred to as
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Fig. 1. Traditional stock-recruitment relationships.

Table 1
Processes described by the age-structured model (4)–(5).∑n

i=1li fi X i (t) Rate of egg production
−mi X i (t) Rate of mortality of individuals in age-class i = 0, . . . , n
−
∑n

i=1 pi X i (t)X0(t) Rate of mortality as function of numbers of adults
−p0 X0(t)2 Rate of mortality as function of the number of prerecruits
±αX i (t) Rate of ageing of individuals in age-class i = 0, . . . , n

density-dependence, distinguishes the two models from each other. A Beverton–Holt function, as described by Eq. (1),
is strictly increasing with an asymptotic maximum. A Ricker type of stock-recruitment relationship (SRR) given by
Eq. (2) has a maximum and is dome-shaped, i.e., recruitment may decrease with increasing spawning stock size (as
illustrated in Fig. 1). The Deriso model [4] corresponds to the Ricker model for γ → ∞ and to the Beverton–Holt
model for γ = 1, see Eq. (3). Here, R denotes recruitment and S the number of spawners. In the following, we let
a, b, γ ∈ R+ \ {0}, with R+ the set of non-negative real numbers.

Beverton–Holt: R =
aS

1 + bS
(1)

Ricker: R = aSe−bS (2)

Deriso: R = aS(1 +
b
γ

S)−γ . (3)

Not only is recruitment a function of numbers of spawners, but the spawning stock consists of survivors of previous1

recruitments. This two-sided relationship has for example been investigated by Touzeau and Gouzé [21]. A prerecruit2

stage (including eggs, larvae and juveniles) is added to a continuous time population dynamic model with discrete3

age structures. For further discussion about age-structured models, see e.g. [13]. Dynamic processes at the prerecruit4

stage evolve on shorter time scales than at other stages and in [21], two distinct time scales are used.5

More specifically, a system of differential equations describes the dynamic behaviour of numbers of prerecruits6

X0(t) and adults X i (t) of age-class i = 1, . . . , n at time t ≥ 0, with positive natural number n. The processes7

described by Eqs. (4)–(5) are listed in Table 1. Initial conditions of the form X i (0) ≥ 0 for i = 0, . . . , n ensure8

that X i (t) ≥ 0 for all t > 0 and i = 0, . . . , n, [21]. The rate (of change in numbers of individuals with time) of9

egg production is assumed to be proportional to the numbers of adults and the average rate li > 0 of eggs spawned10

per individual of age i . The rate of mortality per prerecruit is assumed to be linear in X0 and X i , for i = 1, . . . , n.11

The parameters p0 ≥ 0 and pi ≥ 0 express the degree of the limiting effect of the numbers of prerecruits and adult12

age-class i , respectively. Rates of mortality per individual of age i , which are independent of X j , j = 0, . . . , n, are13

called density-independent and are denoted by mi , for i = 0, . . . , n. The rate of ageing per individual is α > 0.14

A nomenclature including parameters and their units is given in Table A.2. In the following, we let parameters be15

chosen as described in Table A.2. We remark that the parameters may in practice vary with time, but the assumption16

of time-independent model parameters is standard practice in fisheries science, [14].17

In order to cope with the fact that evolution of prerecruits happens at faster rates than ageing and mortality of adult
fish, a fast time T and a slow time t = ϵT are used. The parameter 0 < ϵ ≪ 1 describes the ratio between the two
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